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P
Q
has
. 
P

eXtended Finite Method Element
but of  the type  [K ][U ][F ]=0  .  There thus exists a minus sign between the second members given in this
document and those coded in the files fortrans. 

1.1.1 Form of the elementary matrices of contact

1.1.1.1 Method of Lagrangian increased

Taking into account the discretizations of the fields evoked in the paragraphs [§Error: Reference source not
found]  and  [§Error:  Reference  source  not  found],  the continuous matric  system above  is  replaced  by  a
discrete system. More precisely, the matrix A  has the following form:

 a j  b j  c j
1  c j

2  c j
3  c j

4

[A]ij = [ 0 x x 0 0 0 ] i
*
 

Indeed, this is due to the fact that the terms of contact are cancelled for the ddls whose function of form
associated is continuous. Indeed,

{ λ* }i [A ] ij  δu  j=−∫Γ 1 χψ i λi
* j  δa jH δb jF 1δc j

1F 2δc j
2F3 δc j

3F 4δc j
4⋅n dΓ

∫Γ 2 χψ i λi
* j  δa jH δb jF 1δc j

1F 2δc j
2F 3δc j

3F 4δc j
4⋅ndΓ

=−∫Γ 1 χψ i λi
* j  δa j−δb j− r δc j

1 ⋅ndΓ∫Γ 2 χψ i λ i
*
 j  δa jδb j r δc j

1  .ndΓ
=∫Γ

χψ i λ i
* j  2δb j2  r δc j

1 ⋅ndΓ

 

Here, one clearly sees appearing the product of the functions of form ψ i  triangle with the functions of form

 j  voluminal element relative.

Note:

One notes following this  calculation the expression of  the jump of  displacement  according to the

degrees of freedom nouveau riches X-FEM: [[u]] j=a jH b jF1c j
1F 2c j

2F 3c j
3F4 c j

41
−a jH b jF1c j

1
F 2c j

2
F3 c j

3
F4 c j

42
=a j−b j− r c j

1 −a jb jr c j
1 

=−2 b j2r c j
1

In the same way, the matrix of increased rigidity due to the contact has the following form:
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 a j  b j  c j
1

 c j
2

 c j
3

 c j
4

[Au]ij = [
0 0 0 0 0 0
0 × × 0 0 0
0 × × 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

]
a i

*

bi
*

c i
1*

c i
2*

c i
3*

c i
4*

 

{u*}i [ Au ]ij δu  j=∫Γ
χρni {2b

i
*2 r ci

1
*

⋅n} j 2δb j2 r δc j
1⋅n dΓ  

The form of the matrix C  do not change compared to the classical case without X-FEM:

{ λ* }i [C ]ij δλ  j=−∫Γ

1
ρn

 1− χ ψ i λ i
*ψ j δλ jdΓ  

1.1.1.2 Penalized method

The matrix C  has as an expression:

{λ*}i [C ]ij δλ  j=−∫Γ

1
 n

ψ i λi
*ψ jδλ j dΓ  

The matrix Au  is worthless. 

The matrix A  has as an expression:

{λ*}i [A ]ij δu  j=∫Γ
 ψ i λ i

* j 2δb j2r δc j
1 ⋅ndΓ  

1.1.2 Expression of the second members of contact

1.1.2.1 Method of Lagrangian increased
These expressions utilize sizes with the preceding iteration of Newton (iteration k−1 ). Therefore one made
appear the reference to the index explicitly k−1  :

{u*}i  Lcont
1 i=−∫Γ

χi {2b i
*2r c i

1*⋅n} λk−1− ρn dn
k−1 dΓ  

The expression of the vector Lcont
2

 do not change compared to the classical case without X-FEM:

{λ*}i  Lcont
2 i=∫Γ

ψ i λi
* 1− χ

ρn

λk−1 χd n
k−1dΓ  

1.1.2.2 Penalized method

These expressions utilize sizes with the preceding iteration of Newton (iteration k−1  ). Therefore one made
appear the reference to the index explicitly k−1   : 

{u*}i  Lcont
1 i=−∫Γ

χi {2b i
*2  r c i

1*⋅n} λk−1dΓ  
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{λ*}i  Lcont
2 i=∫Γ

1
n

ψ i λ i
* λk−1dΓ∫Γ

 ψ i λ i
*d n

k−1dΓ  

1.1.3 Form of the matrices of friction

1.1.3.1 Method of Lagrangian increased
 
In order to express the quantities in the tangent plan, one uses the expression of the paragraph [§Error:
Reference source not found], that one writes in matric form:

uτ=Id−n⊗n  u=[P ] u  

In this expression, the matrix P  appoint the operator of projection as regards normal n . The matrix of this
symmetrical operator has as an expression:

[P ]=[
1−n x

2 −nxn y −n xnz

−nx ny 1−ny
2 −n ynz

−nxnz −n ynz 1−nz
2 ]  

where n x , n y , n z  are the coordinates of the normal n  as defined in [the §Error: Reference source not
found]. With the choice of a constant normal per facet, this matrix, depending only on the normal, has the
same value in each point of Gauss and can be calculated only once for each facet.
 
The matrix of increased rigidity due to friction is written in the following way:

{u*}i [ Bu ]ij δu  j =−∫Γ
χμλs

ρτ
Δt

i {2bi
*2r ci

1
* }[P ]T [K n] j 2 δb j2r δc j

1  [P ]dΓ  

where the matrix  K n  represent the tangent matrix of projection on the ball  unit  of the semi-multiplier of

friction increased with the preceding iteration of Newton: K n=K  g τ  . It is a known matrix.

The matrix Br  has as an expression:

{Λ*}i [B r ]ij δu  j=∫Γ
χμλsψ i {Λi

1* τ i
1Λi

2* τ i
2 } [K n] [P ] j 2b j2 r c j

1  dΓ  

The matrix F r  has as an expression:

{Λ*}i [F r ]ij δΛ  j=∫Γ

χμλs Δt

ρ τ

ψ i {Λi
1* τ i

1Λi
2* τ i

2 } [ I d−K n ]ψ j Λ j
1 τ j

1Λ j
2 τ j

2 dΓ

∫Γ
1− χ ψ i {Λi

1 * Λi
2* }⋅[τ i

1 τ j
1 τ i

1τ j
2

τ i
2 τ j

1 τ i
2τ j

2 ]⋅ψ j Λ j
1

Λ j
2 dΓ

 

1.1.3.2 Penalized method

The matrix F r  has as an expression:

{ Λ* }i [ F r ] ij  δΛ  j=∫Γ  1−
 s


 ψ i {Λi

1* Λi
2 * }⋅[ τ i

1 τ j
1 τ i

1τ j
2

τ i
2 τ j

1 τ i
2 τ j

2 ]⋅ψ j Λ j
1

Λ j
2  dΓ  

The matrix Bu  has as an expression:

{u*}i [ Bu ]ij δu  j =−∫Γ
 μλs



 t
i {2bi

*
2r c i

1* }[P ]
T
[K n] j 2δb j2r δc j

1  [P ]dΓ  
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where the matrix  K n  represent the tangent matrix of projection on the ball unit of the semi-multiplier of

friction increased with the preceding iteration of Newton: K n=K v  . It is a known matrix.

The matrix B r  has as an expression:

{Λ*}i [Br ]ij δu  j=∫Γ
χμλsψ i {Λi

1* τ i
1Λi

2* τ i
2 } [K n] [P ] j 2b j2 r c j

1  dΓ  

In penalized method, the matrix of rigidity is not symmetrical. One does not have B r
T =Br  but a worthless 

matrix instead of B r
T
.

1.1.4 Expression of the second members of friction

1.1.4.1 Method of Lagrangian increased

The second members of friction have the following expressions:

{u*}i  L frott
1 i=−∫Γ

χμλsi {2bi
*
2r c i

1 *} [P ]
T
P

B  0,1 g τ
k−1 dΓ

{Λ*}i  L frott
3 i=−∫Γ

χμλsΔt

ρτ
ψ i {Λi

1*τ i
1Λi

2* τ i
2} Λk−1−P B 0,1  g τ

k−1 dΓ

−∫Γ
1− χ ψ i {Λi

1* τ i
1
Λi

2*τ i
2} Λk−1dΓ

 

where k−1  represent the index of the preceding iteration of Newton.

1.1.4.2 Penalized method

The second members of friction have the following expressions:

{Λ*}i  L frott
3 i=−∫Γ

ψ i {Λi
1* τ i

1Λi
2* τ i

2 }1−
k−1


 .k



 k−1
−PB 0,1

k−1
 dΓ  

{u*}i  L frott
1 i=−∫Γ

 μλsi {2bi
*
2r c i

1*} [PT ] PB  0,1   
k−1 dΓ  

where k−1  represent the index of the preceding iteration of Newton.

1.1.5 Form of the matrices of cohesion

Are I  and J  two nodes nouveau riches. Are two directions of the fixed base  e i  and e j . One notes i  and
j  degrees  of  freedom corresponding  to  these  nodes and  respective  directions.  That  is  to  say    the

intersection of the supports of I  and J . The matrix of rigidity is written then:

{u*
}i[Du]ij { u } j=∫

1− I 2b i
*
2  r ci

1*  e i⋅
∂ t c
∂〚u〛

⋅e jJ  2b j2  r c j
1  d   

where the expression of 
∂ t c
∂〚u〛

 is given to [the §Error: Reference source not found].

Let us quote the case by way of an example 〚uk
〛èq et 〚u〛n0  (contacting rubber band). We have 

then:

 

{u*}i [ Du ] ij δu  j=  

∫Γ
 1−χ  I  2bi

*
2  r ci

1* [C n⋅e i n⋅e j e i⋅[P ]c


exp−c

Gc

 Id  [P ]⋅e j ]J  2δb j2  r δc j
1 dΓ
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The matrix Du  the same expression has of method penalized and of method of Lagrangian increased. 

1.1.6 Expression of the second members of cohesion

1.1.6.1 Method of Lagrangian increased

The second members of cohesion have the following expressions:

{ui}
*  Lcoh

1  i=∫
 1−  2b i

*
2  r ci

1*   e i t c , nk−1
e i t c ,

k−1  d   

In each case enumerated previously, t c  can systematically put itself in the form

t c=C n〚u〛nC 〚u〛 . One can then write:

{ui}
*  Lcoh

1  i=∫
 1−  2b i

*2  r ci
1 *  Cn〚u〛n

k−1⋅e iC〚u〛
k−1⋅ei  d   

{ λ* }i  Lcoh
2 i=∫Γ

ψ i λi
* 1− χ

ρn

t c , n
k−1⋅n dΓ  

{Λ*}i  Lcoh
3 i=−∫Γ

1− χ ψ i {Λi
1* τ i

1Λi
2* τ i

2 }t c ,
k−1

⋅ dΓ  

where k-1 represents the index of the preceding iteration of Newton.

1.1.6.2 Penalized method

Second members  Lcoh
1   and  Lcoh

3   the same expression of method penalized and of method of Lagrangian

have increased. The second member  Lcoh
2   as for him  has as an expression: 

{λ*}i  Lcoh
2 i=∫Γ

ψ i λi
* 1− χ

n

tc , n
k−1⋅ndΓ  

where k−1  represent the index of the preceding iteration of Newton.

1.2 LBB condition

Selected approximations on the one hand for the dieplacement and in addition for contact pressures do not
seem by satisfying the condition inf-sup in all the cases. The non-observance of the LBB condition generates
oscillations of contact pressures, phenomenon comparable to that met of incompressibility feeding-bottleError:
Reference source not found. Physically, in the case of the Lagrangian contact, that amount wanting to impose
the contact in too many points of the interface (overstrained), making the system hyperstatic. To slacken it, it
is  necessary  to  restrict  the  space  of  the  multipliers  of  Lagrange,  as  that  is  done  in  feeding-bottleError:
Reference source not found for the conditions of Dirichlet with X-FEM. The algorithm proposed by Moës
feeding-bottleError: Reference source not found to reduce the oscillations is extended to the case 3D. Its goal
is to impose relations of equality or relations linear between multipliers of Lagrange. This algorithm tends to
impose more relations of equality than of linear relations, therefore the starting linear approximation is a little
degraded. This algorithm was the object of an improvement to make it more physical and more effective.
In the case of the penalized contact one finds the same oscillations. For a grid triangle for example, one can
show that there does not exist combination of the degrees of freedom of the Heaviside which allow a rotation
of the average surface of the crack without generating oscillations of jump. For a stiffness of raised interface,
as it is the case in penalization, this generates oscillations of pressure. To cure it, it is necessary to recover
the explicit pressure in the degree of freedom   , to apply the condition of LBB to him and of  to make go up
in balance, which explains the formulation given to the § Error: Reference source not found . The actualization
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of the statutes of contact is done as in the Lagrangian case, where    and not d n  is tested to pass from a
state contacting to a state not contacting, this in order to avoid the oscillations on the statutes of contact. 

1.2.1 Description of the algorithm of Moës (algo1)

The  algorithm  introduced  by  Moës  feeding-bottleError:  Reference  source  not  found is  presented  in  the
problems how to impose conditions of Dirichlet on an interface within the framework of X-FEM. It shows that
the technique of the multipliers of Lagrange to impose conditions of Dirichlet must be used carefully, because
the condition inf-sup is not always respected. Paper is restricted with the case 2D, but the algorithm presented
is easily generalizable with the case 3D. The first phase is a phase of selection of the nodes, in which the
selected nodes are those which are “important” for the approximation of the multipliers of Lagrange. The other
nodes  are  superabundant  and  bring  to oscillations  of  the  multipliers  of  Lagrange.  Once  the  selected
“important”  nodes,  of  the  relations  of  equalities  and  the  linear  combinations  are  imposed  between  the
multipliers of Lagrange, in order to restrict the space of the multipliers. Thus, the multipliers of emanating
Lagrange of the edges of the same selected node are equal; and if a multiplier of Lagrange is on an edge
whose two ends are selected nodes, then it related to both Lagrange is connected closest.
In a more formal way, are E  and N  units containing all the edges and all the nodes of the grid. Two ends

of  an  edge  e∈E  are  noted  v1 e  , v2 e ∈N2
.  First  of  all,  one  starts  with  a  phase  of  initialization

(iteration  k=0  algorithm). One determines first of all  Se
0
, the whole of the edges which are cut by the

interface. The interface being represented by the level set normal  lsn , an edge e∈E  is crossed by the

interface if and only if  lsn v1 e  ⋅lsn v2 e  ≤0 . Let us note that if the interface coincides with the node

v1 e   or the node v2 e  , the edge e  east belongs to Se
0
 :

Se
0={e∈E , lsn v1  e  ⋅lsn v 2 e  ≤0}  

That is to say N e  the whole of the nodes connected by the elements of Se
0
 :

N e={n∈N , ∃e∈Se
0 n=v1 e  ou n=v2  e  }  

That is to say Sn
0
 the whole of the nodes selected with the iteration k=0  (initialization). These nodes are

those which coincide with the interface (this unit can be empty):

Sn
0
={n∈N e , lsn  n =0}  

After this phase of initialization, the algorithm reiterates k=1, nmax_iter .
With each iteration, the following stages are carried out:

•Update of  the whole of  the whole of  the edges:  one removes those which are connected to a node
selected with the preceding iteration

Se
k=S e

k−1∖ {e∈S e
k−1 , v1  e ∈Sn

k−1 ou v2  e ∈S n
k−1}  

•Calculation of the score of the nodes: for each node in N e , one calculates a score made up of 2 digits:

the first figure corresponds to the numbers of edges in Se
k
 connected, and the second corresponds

to the absolute value of the level set normal in this node. This score sc_no  is thus a matrix with two
columns whose lines represent the node.

∀ n∈N e {sc_no
k  n ,1 =nombre d'arêtes connectées au noeud n

sc_nok  n ,2 =∣lsn  n ∣
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•Calculation of the score of the edges: for each edge in Se
k , one calculates a score made up of 2 digits:

the first figure corresponds to the absolute value of the difference of the 1er figure of the score of the 2
nodes ends, and the second corresponds to a relationship between the values of the 2ème figure of the
2 nodes ends (i.e. a value ratio of lsn . This score sc_ar  is thus a matrix with two columns whose
lines represent the edge.

 

∀ e∈Se
k , ∀ j∈{1,2 } , s j=sc_nok  v je ,1  , l j=sc_nok  v je ,2 

{
sc_ar k  e ,1 =∣s1−s2∣

sc_ar k  e ,2 ={
l1

l 1l 2

si s1s2

l1

l 1l 2

si s1s2

min  l1, l 2 
l1l2

si s1=s2

 

  
•Research of the “best edge” be  : it is the edge including the 1er figure of its score is largest. In the event

of equality between 2 edges, it is that including 2ème figure of its score is largest.
•Research of the “best node” bn  : it is the node end of be  including the 1er figure of its score is largest.

In the event of equality, it is the node including 2ème figure of the score is smallest (the node nearest to
the interface). The node bn  is the only node selected with this iteration:

Sn
k
={bn }  

The algorithm stops so at the time of an iteration, the unit Se
k
 becomes the empty set. The final whole of the

selected nodes will be then:

W=∪
k
S n

k
 

After this phase of selection of the nodes, the algorithm builds the space of the multipliers of Lagrange, whose
size is equal to that of W . Thus, the space of the multipliers is:

S λ={ λi , i∈{1,card W  }}  

All edges e  having a common end i∈W  multipliers of Lagrange carry λe  equal between them:

∀ e∈S e , ∀ i∈W , λe=λ i si v1  e =i ⊕ v2  e =i  
where the symbol ⊕  indicate it “or exclusive”.

Edges having their two ends in W  multipliers of Lagrange carry which are linear combinations of the closest
multipliers. In the original version of the algorithm presented in 2D, a multiplier of Lagrange on such an edge
is a linear combination of the multipliers of following and preceding Lagrange on the interface. In 3D, this
concept of  “precedent” and “following”  does not  exist  any more because the concept of  “way”  along the
interface is lost. To define a general linear relation (in 2D/3D), one uses the concept of distance, and for each
end of the edge e one searches the multiplier of Lagrange carried nearest by an edge connected to e .

1.2.2 Description of the modified algorithm (algo2)

Based on similar ideas, a new algorithm was proposed, which seeks to privilege the linear relations with the
relations of equality between multipliers of Lagrange. Thus, in the new version, one leaves the whole of the
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edges on which the level set normal is cancelled at least in a point. These edges connect points on both sides
of the interface (or possibly of the points on the interface). The algorithm seeks the minimal subset of edges
making it possible to connect all the points ends of the edges. Then, groups of connected edges are extracted
from it. The imposed relations are then the following ones:

•the multipliers on the edges of each group are imposed equal,
•the multiplying ones on the remaining edges are linear combinations of the other multipliers.

In a more formal way, are E  and N  units containing all the edges and all the nodes of the grid. Two ends

of an edge e∈E  are noted v1  e  , v2  e  ∈N 2
. One determines first of all  Se , the whole of the edges

which are strictly cut by the interface. The interface being represented by the level set normal lsn , an edge

e∈E  is strictly crossed by the interface if and only if  lsn  v1  e  ⋅lsn  v2  e  0 . Let us note that if the

interface coincides with the node v1  e   or the node v 2 e  , the edge e  is not in Se  :

Se={e∈E , lsn  v1  e  ⋅lsn  v2  e  0}  

That is to say N e  the whole of the nodes connected by the elements of  Se . One separates N e  in two

parts: nodes “below” and “above” the crack, according to the sign of lsn  :

N e={n∈N , ∃e∈S e n=v1  e  ou n=v2  e  }
N e

= {n∈N e , lsn  n 0 } et N e
−={n∈N e , lsn  n 0}

 

The algorithm searches Sve , the minimal subset of Se  who allows to connect the nodes in N e
+  with the

nodes in N e
− . Each node in N e

+  must be connected to at least a node dan N e
− S, and each node in N e

−

must be connected to at least a node da N e
+ NS. Edges in Sve  are called “vital edges”, because if one of

these edges disappears, at least a node in N e  will be orphan. This whole of vital edges is not necessarily
single.  In the presence of  choice,  the vital  edge shortest  is privileged. As it  thereafter will  be seen, that
amounts minimizing the area of P0 approximation. For the research of the unit Sve , we chose an algorithm
based on the concepts of scores of nodes and edge, concept that one finds in the algorithme1. The algorithm
will remove with all not-vital edges, until there remain nothing any more but vital edges. More precisely, one
associates a score with each node, which corresponds to the number of edges connected to this node. With
each edge, one associates a score, which corresponds at least of the scores of the two nodes ends. That is to
say  e  the edge having the score more raised (with identical score, the longest edge is privileged). If the

score of  e  is  equal to 1, then all  the edges which remain are vital  edges.  Sve  is determined and the

algorithm stops. If the score of  e  is strictly higher than 1, the edge e  is a symbolically removed not-vital

edge, and it list of the edges Se . The algorithm starts again, with a new calculation of the score of the nodes,
and so on until there remain nothing any more but vital edges.

 
It is important to note that  Sve  is composed of certain disconnected edges, and certain edges connected

between them. These groups of connected vital edges are extracted from Sve . Let us note that in such a
group, all the edges are connected by a single node (see Error: Reference source not found). That is to say

G cve
i

 the group of vital edges connected by the node i . Then Gcve
i

 is defined by:

G cve
i
= {e∈S ve , i=v1  e  ou i=v2  e  }  

Now, one imposes relations between the multiplying ones of Lagrange. All the multipliers carried by edges of
the same group are imposed equal. The other multipliers are carried by nonvital edges. These multipliers are
not essential for the approximation of the contact pressure. One thus imposes them like linear combinations of
multipliers on vital edges. These linear combinations are determined by the following procedure. That is to say
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λe , e∈S e∖ S ve  the multiplier of Lagrange carried by a not-vital edge e . For each end of the edge e , one

searches nearest (in physical term of distance, not of distance between nodes mediums) λk  carried by an

edge connected to e  :

pour i=1,2 trouver k i=argmin
k

{dist  λe , λk  , k∈G cve

v i  e }  

The linear relation is imposed enters λe , λ k1
 and λ k 2

 :

λe=
dist  λe , λk 2 

dist  λe , λk 1dist  λe , λk2 
λk1


dist  λe , λk1 

dist  λe , λk 1dist  λe , λk2 
λk2  

To illustrate this algorithm, let us examine the case 2D Error: Reference source not found. The edges cut by
the interface are the following ones:

Se={1−8 ; 2−8 ; 2−9 ; 2−10 ; 3−10 ; 3−11 ; 4−12 ; 5−12 ; 6−12 ; 7−12 ; 7−13 }  

The whole of the vital edges (traced in full feature on Error: Reference source not found) and of the not-vital
edges (in discontinuous feature) are the following:

Sve={1−8 ; 2−9 ; 2−10 ; 3−11 ; 4−12 ; 5−12 ; 6−12 ; 7−13 }
Se ∖ Sve={ 2−8 ; 3−10 ; 7−12 }

 

One can note that the edge {2−10 }  or the edge {3−10 }  can be indifferently selected like vital edge. But
as it was specified before, the shortest edge is privileged, therefore {2−10 }∈S ve  and not  { 3−10 } . Two
groups of connected vital edges can be extracted (they are surrounded in dotted lines on Error: Reference
source not found):

G cve
2
= {2−9 ; 2−10 } et Gcve

12
={4−12 ; 5−12 ; 6−12 }  

For each group, the multipliers of Lagrange are imposed equal:

λC=λD et λG= λH= λ I  

For each not-vital edge {2−8 } , {3−10 }  and { 7−12 } , a linear relation between the multipliers is imposed:
 

λB=
BC⋅λAAB⋅λC

ABBC
, λ E=

EF⋅λDDE⋅λF
DEEF

, λJ=
JK⋅λ I IJ⋅λK

IJ JK
 

Taking into account the relations imposed on the multipliers of Lagrange, one can determine the degree of
approximation of contact pressures along the interface. For the pieces of interface where the multipliers are
equal, the approximation is P0 , and for the pieces of interface where the multipliers are linear combinations,
the approximation is P1 . Error: Reference source not found compare the resulting approximations between
the two algorithms.
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Figure 1.2-1 : Example of edges cut by an interface and resulting approximation

1.2.3 Relations imposed between the semi-multipliers of friction

When friction  is  taken  into  account,  one  observes  the  same  phenomenon  of  oscillations  on  the  semi-
multipliers of friction as in the preceding case on the multipliers of contact. So that the reaction of contact
does  not  oscillate  any  more,  it  is  necessary  to  remove  the  oscillations  of  the  normal  reaction  (contact
pressure) and of tangential reaction (thus of the semi-multipliers of friction). For that, it is thus necessary also
to activate the algorithm of restriction of spaces of the multipliers for the semi-multipliers of friction.

The relations are to be imposed on the tangential reactions, and utilize the unknown factors of friction Λ1

and Λ2  as well as the vectors of the base covariante τ 1  and τ 2 .

In the case of imposition of a relation of equality between the nodes A  and B , the relation is written:

Λ1
A τ1

A
Λ2

A τ 2
A
=Λ1

B τ1
B
Λ2

B τ 2
B
 

Both unknown factors to be determined ( Λ1
A
 and Λ2

A
 for example) being scalar, it is necessary to transform

the preceding vectorial relation into two scalar relations. This is done by projection on the basis  τ1
A , τ2

A  .
The two relations to be imposed are thus finally:

{Λ1
A  τ1

A
⋅τ 1

A Λ2
A τ 2

A
⋅τ1

A =Λ1
B  τ1

B
⋅τ1

A Λ2
B τ2

B
⋅τ1

A 
Λ1

A  τ1
A⋅τ 2

A Λ2
A τ 2

A⋅τ2
A =Λ1

B  τ1
B⋅τ2

A Λ2
B τ2

B⋅τ2
A 

 éq 1.2.3-1

This choice is called into question by the introduction of the great slips [R5.03.53]: indeed the base of contact
changes with each geometrical iteration. The preceding relations introduced into hard by using home base
thus do not  have any more a direction.  To solve  the conflict,  one rather  introduces the two  relations of
equalities on the components:

{Λ1
A=Λ1

B

Λ2
A
=Λ2

B éq 1.2.3-2

By considering that bases  τ1
A , τ 2

A   and  τ1
B , τ 2

B   are almost identical because of proximity of the points A
and B , equations  Error: Reference source not found and   Error: Reference source not found are almost
equivalent.
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In the case of imposition of a linear relation binding the node B  with the nodes A  and C , this relation is
written:

Λ1
B τ1

BΛ2
B τ 2

B=
BC

ABBC  Λ1
Aτ1

AΛ2
Aτ 2

A AB
ABBC  Λ1

C τ1
CΛ2

C τ2
C   

Just as previously, this vectorial relation is projected on the basis  τ1
B , τ2

B   and gives two scalar relations:

{Λ1
B τ1

B⋅τ 1
BΛ2

B τ2
B⋅τ1

B=
BC

ABBC  Λ1
Aτ1

A⋅τ1
BΛ2

A τ2
A⋅τ1

B  AB
ABBC  Λ1

C τ1
C⋅τ1

BΛ2
C τ2

C⋅τ1
B 

Λ1
B τ1

B⋅τ 2
BΛ2

B τ2
B⋅τ 2

B=
BC

ABBC
 Λ1

Aτ1
A⋅τ2

BΛ2
A τ2

A⋅τ 2
B  AB

ABBC
 Λ1

C τ1
C⋅τ2

BΛ2
C τ2

C⋅τ 2
B 

 

1.2.4 Remarks on the relations imposed by algorithm 1 or 2
  

1.2.4.1 On the multipliers of contact

That is to say the linear relation between the multipliers of Lagrange of contact λ1 , λ2  and λ3  :

λ2=αλ1 1−α  λ3  

The relation relates to the value of the pressure and not the vector contact pressure. In the event of structure
a relation curves on the vectors pressure of the type:

λ2n2=αλ1n1 1−α  λ3n3  

because the vector is not inevitably possible n2  is not an unknown factor. 

1.2.4.2 On the semi-multipliers of friction

The unknown factor for friction is vectorial. One could imagine to bind the vectors tangent reactions between 
them:

r τ
2
=αr τ1 1−α  r τ3  

however
r τ i

=μλ i Λi  

what gives

 2=
111−33

11−3

= 11− 3  

with  =
1

11−3

≈  if the grid is rather fine 

This choice of relation is impossible because in 3D, if items 1 and 3 are in slipping contact, then item 2 will not
be it! Indeed, the standard of Λ2  will be strictly lower than 1 if the directions of slip are not colinéaires (see
Error: Reference source not found ). 

 

Figure 1.2-2 : Case of a point adhering between two slipping points
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The suggested solution is to impose a linear relation between the standards of the vectors tangent reactions,
which is equivalent to impose a relation between the standards of the semi-multipliers of friction:

∥rτ2∥=α∥r τ1∥1−α ∥rτ3∥ ⇔ ∥Λ2∥=β∥Λ1∥1−β ∥Λ3∥ éq. 1.2.4.2-1

This relation is non-linear because of standard. The method of Newton makes it possible to be reduced to the 
successive imposition of the linear relations. With the iteration of Newton I , the relation is: 

δΛ2
i .

Λ2
i−1

∥Λ2
i−1
∥
−βδ Λ1

i .
Λ1
i−1

∥Λ1
i−1
∥
−1−β  δΛ3

i .
Λ3
i−1

∥Λ3
i−1

∥
=β∥Λ1

i−1∥1−β ∥Λ3
i−1∥−∥Λ2

i−1∥  

This kind of linear relation is currently not available in  Code_Aster , where only the linear relations whose
coefficients are constant throughout all calculation are authorized. 

Currently, the relation between the semi-multipliers of friction established is the following one:
Λ2=αΛ1 1−α  Λ3  

Lorsque the slip or adherence is one-way, one finds the equation [éq well. 4.6 - 1] while having substituted
α  with β  . 

 
1.2.4.3 In the case of the new formulation

In the case of storage with the nodes tops, it is possible to satisfy condition LBB by imposing only relations
with equalities, which makes it possible to solve the problem evoked in the preceding paragraph.

Concretely the selection of the vital edges is the same one as that described for the old formulation. One
imposes then for each vital edge, to bind the degrees of freedom of contact of his two nodes by a relation of
equality. In the case of the meshs triangle in 2D or will tetra in 3D these relations are enough to satisfy the
LBB, each node pertaining to an edge crossed being dependent at least once on another node. In the case of
meshs quad in 2D, penta or hexa in 3D, one notes certain configurations where nodes of the mesh do not
belong  with a cut edge. On the two examples of the figure Error: Reference source not found , the red nodes
are connected to no other node. In order to satisfy the LBB, the idea is to connect these nodes to the related
nodes but while trying not to reintroduce in this case of the linear relations. 

 [K ][U ]=[F ]  
B r  (see [§ Error: Reference source not found ]) being nonnull because of term in red in the writing of the law of friction

whereas the block  B r
T  is null. 

1.2.5 Integral writing in pure cohesive formulation

Equilibrium equation ∫
σ δu :ε u* d

−∫Γ c [ ∂ t c ,n
∂[[ u ] ]n

[ [ u ] ]n
∂ t c ,n
∂[[u ] ]

[ [ u ] ]] [ [ u*
] ]ndΓ c

−∫Γ
c [ ∂ t c ,
∂[[ u ] ]n

[ [ u ] ]n
∂ t c ,
∂[[u ] ]

[ [ u ] ]] [ [ u*
] ]τ dΓ c

=−∫

σ u : ε u*d∫


f⋅u*d ∫Γ t

t⋅u*dΓ t

∫Γ c
 tc , n[ [ u

*
] ]nt c , [ [u

*
]] dΓ c
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Law of contact
∫Γc

λ*

n
 λδλt c ,n⋅n  dΓ c=0  

Law of friction ∫Γc
*  tc ,  dΓ c=0  

     
 

1.3 Elementary terms of rubbing contact

1.3.1 Matric writing of the linearized problem

By taking again the notations of feeding-bottleError: Reference source not found, the system linearized such
as it is solved with the iteration k1  of Newton can put itself in matric form. Let us rewrite the preceding
system:

Equilibrium equation {u*} [K méca ] δu 

{u* } [A ]T δλ  {u*} [ Au ] δu 

{u* } [Br ]
T

 δΛ   {u* }[Bu ]  δu 

{u* } [Du ] δu 

={u*}  Lméca
1 

{u* } Lcont
1 

{u* } L frott
1 

{u* } Lcoh
1 

 

Law of contact {λ*} [C ] δλ  {λ* } [A ] δu 

= {λ* } Lcont
2  {λ* }Lcoh

2   

Law of friction {Λ*} [F r ] δΛ {Λ* } [Br ] δu 

= {Λ*}  L frott
3 {Λ* } Lcoh

3 
 

where the vectors column are noted   x   and the vectors line  { x }= x T . This system can be put in the

following matric form:

[
ΚmécaΑuΒuDu

Α
Β r

ΑT

C
0

Βr
T

0
F r

] δuδλδΛ=
Lméca

1 Lcont
1 L frott

1 Lcoh
1

Lcont
2 Lcoh

2

L frott
3 Lcoh

3   
The unknown factor is the increment compared to the preceding iteration of Newton. One voluntarily omitted
the reference to the number of the iteration of Newton.

K méca  is the mechanical matrix of rigidity defined in the paragraph [§Error: Reference source not found].

Au  is the matrix of increased rigidity due to the contact.

Bu  is the matrix of increased rigidity due to friction.

Du  is the matrix of rigidity due to the forces of cohesion.

A  is the matrix binding the terms of displacement to those of contact (matrix of the law of contact).
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B r  is the matrix binding the terms of displacement to those of friction (matrix of the laws of friction). This

matrix is noted B  in feeding-bottleError: Reference source not found, but not to confuse it with the matrix of

the derivative of the functions of form, we will note it B r .

C  is the matrix allowing to determine contact pressures in the lack of contact case.
F r  is the matrix making it possible to determine the multipliers of friction in the case of not-rubbing contact.

Lméca
1

 is the second member representing the internal forces and the increments of loadings.

Lcont
1

 and Lcont
2

 are the second members due to the contact.

L frott
1

 and L frott
3

 are the second members due to friction.

Lcoh
1

, Lcoh
2

 and Lcoh
3

 are the second members due to the forces of cohesion.

Note:

It is pointed out that the system solved by Code_Aster is not of the type 

Object 2974

 
a “beach advised” for the definition of the coefficients of penalization, which is left at the discretion of the user. We
have:

K méca∼E h  et Au∼κnh
2 , which imposes n  reasonable in front 

E
h

. 

K méca∼E h  et Bu∼σμκ τ h
2 , which imposes   reasonable in front 

E
 h

. 

In the tests, one takes n~105 E
h

 and ~105 E
 h

.

1.4 Strategy of resolution

The strategy of resolution is the same one as that used by the method continues within the framework finite
elements classical feeding-bottleError: Reference source not found. The only difference is that with X-FEM, no
pairing is not necessary.

1.4.1 Algorithm of resolution

With X-FEM, the points in opposite are known  a priori and this intrinsic “pairing”  does not  evolve during
calculation (assumption of small displacements). Thus, it is not necessary to carry out a phase ofpairing as
within the classical framework. The geometrical loop is also removed since there is no reactualization. For
each step of time, there remain 3 overlapping loops. The loop on the thresholds of friction makes it possible to
solve the problem of friction by a fixed search for point on the thresholds of friction of Tresca. The loop on the
statutes of contact (related with  the method of the active constraints) makes it possible to determine the
space of the effective points of contact. At the major level,  the loop on the iterations of Newton makes it
possible to solve remaining non-linearity, that due to projection on the ball unit.
For a step of time:

Initialization of the thresholds of friction λs   and of the cohesive internal variables   

• Buckle on the thresholds of friction

Initialization of the statutes of contact χ

• Buckle on the statutes of contact

• Iterations of Newton

 Calculation of the tangent matrix and the second member
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• End of the iterations of Newton

Actualization of the statutes of contact χ

• End of the loop of the active constraints

Actualization of the thresholds of friction λs

• End of the loop on the thresholds of friction

Actualization of the cohesive internal variables 

1.4.2 Criterion of stop of the loop on the statutes of contact

For the supposed points lack of contact  χ=0  , the condition of noninterpenetration is checked d n≤0  .
The test is the following: if there is interpenetration d n0   then the point is supposed contacting  χ=1 

at the time of the iteration of active constraints following. Numerically, the test is written d n10−16
.

For the supposed points contacting  χ=1  , it is checked that the value of the reaction of contact following
the normal is negative   λn≤0  . The test is the following: if there is separation  λn0   then the point is
supposed lack of contact  χ=0   at the time of the iteration of active constraints following. Numerically, the

test is written λn−10−3
.

Notice :

The statute of contact being defined independently for each point of integration of each facet of contact,
the tests of stop are carried out of each one of these points.

Notice :

The  game  in  these  points  of  integration  is  calculated  thanks  to  the  interpolation  of  the  field  of
displacement on the element relative (3D) whereas the reaction of contact is calculated thanks to the
interpolation of the ddls of contact on the facet of contact (2D). One could also calculate the game by
interpolation of displacement at the tops of the facet of contact (this last being given with the functions
of form of the element relative).

Notice :

The digital values of the 2 tests of stops are delicate to determine. In certain configurations, oscillations
of statute of contact appear and prevent the convergence of the algorithm. This phenomenon should be
identified, and if the values in the 2 cases (contacting and lack of contact) are close, one could consider
that the convergence of the loop of active constraints is reached.

 
1.4.3 Criterion of stop of the loop on the thresholds of friction

It is considered that the loop on the thresholds of friction converged if the solution does not change too much
from one iteration to another. More precisely, that  is to say  v  the mixed vector solution (displacement,
multipliers of contact, semi-multipliers of friction), one converged with the iteration i  if:

 
max∣vi−v i−1

∣

max∣v i−1
∣

10−3
 

where max  u   mean the max on all the components of the vector u .

1.4.4 Writing of the formulation at the time of an iteration of Newton
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Let us rewrite the weak formulation with three fields described in the paragraph [§Error: Reference source not
found] at the time of an iteration of Newton. It is necessary to take account of the loop on the thresholds of
friction, of that on the active constraints. Thus, on this level, the thresholds of friction become noted constants
λ s , statutes of contact  χ  g n  become constants  χ . Moreover, the problem remaining being non-linear

(because of projection on the ball unit), it is linearized by the method of Newton-Raphson.

In the unidimensional case, the method of Newton is an iterative process making it possible to approach the
zeros of a continuous and derivable function. One is reduced to the resolution of F  x =0 . A succession of

points is built x k  by doing one develop of Taylor of F  in the vicinity of x k , which gives to the first order:

F  x k1 ≈F  xk F '  xk   xk1−xk   

While noting δx k=x k1
−x k  the increment between two successive iterations, the equation linearized with

the iteration k1  is then the following one:

F '  x k  δx k=−F  xk   

In the case of the finite element method,  F '  x k   are connected with the tangent matrix,  which can be

calculated with  each iteration so necessary,  δx k  is  the vector  of  the increments of  the nodal  unknown

factors, and  F  x k   is the second member. It  is  noted that  F '  x k   and  F  x k   only quantities of the

iteration utilize k , which is thus known quantities.

Projection on the ball unit is written:

P B 0,1   x ={
x si x∈B 0,1 
x
∥x∥

sinon
 

Differential of this application, in any point not located on the edge of B  0,1  , is defined by:
∂ x PB 0,1   x  δx=K  x  δx  

with

K  x ={
I d si x∈B  0,1  adhérence 

1
∥x∥ I d− x⋅xT

∥x∥2  sinon glissement 
 

Thus, differential of P B 0,1   gτ   will be:

K  g τ δg τ=K  Λ ρ τ

Δt
Δ[ [ u ] ]τ  δΛ ρ τ

Δt
[ [ δu ] ]τ  

where  g τ  is the semi-multiplier of friction resulting from the preceding iteration of Newton and  δg τ  the
increment of unknown factors. The knowledge of the semi-multiplier of friction resulting from the preceding
iteration of Newton makes it possible to know easily if the point is in the state adherent or slipping.

1.5 Linearization of the problem

1.5.1 Terms of cohesion

The linearization of the vector forces cohesion compared to the jump of equivalent displacement is obtained in
the following way:

t c⋅〚u
*
〛=t c〚u〛〚u〛⋅〚u*

〛= t c 〚u〛 ∂ t c
∂〚u〛

⋅〚u〛⋅〚u*
〛  
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However 
∂ t c
∂〚u〛

=H  〚u〛èq− 
∂ lin

∂〚u〛
 1−H  〚u〛èq−  

∂ dis

∂〚u〛

∂ pen

∂〚u〛

We re-use the expressions from these three derivative partial which are given in [R7.02.11], with =−〚u〛 .
In the expression of  dis , it is necessary to write  =〚u〛èq , which becomes thus a variable to be taken into
account in derivation. In practice, in the code, one distinguishes four cases for clearness from reading:

• 〚u〛èq≥ et 〚un〛0  (dissipative lack of contact). We have then:

 
∂ t c
∂〚u〛

=− cexp−c

G c

〚u〛èq  Id〚u〛èq
−

〚u〛
〚u〛èq

⊗
〚u〛
〚u〛èq 

c

G c


1

〚u〛èq   

 
 

• 〚u〛èq et 〚un〛≥0  (contacting rubber band). With 1 , 2  a base of the tangent plan, we have:

∂ t c
∂〚u〛

=
∂ lin〚u〛

∂〚u〛

∂ pen〚un〛

∂〚u〛
=−C n⊗n−

c


exp 

−c

G c

 1⊗1 2⊗ 2 

• 〚u〛èq≥ et 〚un〛≥0  (dissipative contacting). By a similar reasoning while replacing  lin  by  dis  , we 
obtain: 
 

 
∂ t c
∂〚u〛

=−C n⊗n−exp− c

G c

〚u〛èq [  c

〚u〛èq
1⊗12⊗2−  c

2

Gc


c

〚u〛èq 
〚u〛⊗〚u〛

〚u〛èq
2 ]  

• 〚u〛èq et 〚un〛0  (lack of contact rubber band).

∂ t c
∂〚u〛

=−
 c


exp 

− c

Gc

 Id

1.5.2 Integral writing with the method of Lagrangian increased
   

The linear system of the three equations to the iteration of Newton k1  is written in the following way (by
weighing down the writing, the references to the iteration of Newton are omitted, because in an obvious way,
the unknown factors are noted with one δ  in front of, and the fields tests from now on are noted with a star):
 

To find  δu , δλ , δΛ ∈V 0×H×H

∀ u* , λ* , Λ*∈V 0×H×H  
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Equilibrium equation ∫
σ δu  : ε u* d

−∫Γ c
χδλ [ [u* ] ]⋅ndΓ c ∫Γ

c
χρn[ [ δu ] ]⋅n [ [ u

*
] ]⋅ndΓ c

−∫Γ
c
χμλsK  g τ  δg τ [ [ u

*
] ]τ dΓ c

−∫Γ c
1− χ [ ∂ tc ,n

∂[[ u ] ]n
[ [  u ] ]n

∂ t c ,n
∂[[ u ] ]

[ [ u ] ]] [ [u*
] ]ndΓ c

−∫Γ
c

1− χ [ ∂ t c ,
∂[[ u ] ]n

[ [  u ] ]n
∂ t c ,
∂[[ u ] ]

[ [  u ] ]] [ [u*] ]τ dΓ c

=−∫

σ u : ε u*

d∫

f⋅u*d∫Γ t

t⋅u*dΓ t

∫Γ c
χ  λ− ρn[ [ u ] ]⋅n [ [u*

] ]⋅ndΓ c

∫Γ c
χμλsP B0,1  gτ ⋅[[ u

*
] ]τ dΓ c

∫Γ c
1− χ  t c , n[ [u

*
] ]nt c , [ [ u

*
] ] dΓ c

 

Law of contact
−∫Γc

1− χ 
n

δλ λ*dΓ c−∫Γc
χ [ [ δu ] ]⋅nλ*dΓ c

=∫Γc

1− χ 
n

λt c ,n⋅n  λ*dΓ c∫Γc
χ [ [u ] ]⋅n λ*dΓ c

 

Law of friction
∫Γc

χμλs Δt

ρτ
[δΛ−K g τ δg τ ] Λ*dΓ c∫Γc

1− χ δΛΛ* dΓ c

=−∫Γc

χμλs Δt

ρτ
[ Λ−P B 0,1  gτ  ] Λ*dΓ c−∫Γc

1− χ  Λtc ,   Λ
*dΓ c

 

1.5.3 Integral writing with the penalized method

The linear system of the three equations to the iteration of Newton k1  is written in the following way (by
weighing down the writing, the references to the iteration of Newton are omitted, because in an obvious way,
the unknown factors are noted with one δ  in front of, and the fields tests from now on are noted with a star):

To find  δu , δλ , δΛ ∈V 0×H×H

∀ u* , λ* , Λ*∈V 0×H×H  
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Equilibrium equation ∫
σ δu :ε u* d

−∫Γ
c
χ  [[ u*

] ]⋅ndΓ c

−∫Γ
c
χμλs K τ   δ  τ [ [ u

*
] ]τ dΓ c

−∫Γ c
1− χ  [ ∂ tc ,n

∂[[ u ] ]n
[ [ u ] ]n

∂ t c ,n
∂[[ u ] ]

[ [  u ] ]] [ [ u*
] ]ndΓ c

−∫Γ
c

1− χ  [ ∂ t c ,
∂[[ u ] ]n

[ [ u ] ]n
∂ t c ,

∂[[ u ] ]
[ [  u ] ]] [ [ u* ] ]τ dΓ c

=−∫

σ u  :ε u*

d∫

f⋅u*d∫Γ t

t⋅u*dΓ t

∫Γ c
χ [[ u*

] ]⋅ndΓ c

∫Γ c
χμλ sP B 0,1   τ  ⋅[[ u*

] ]τ dΓ c

∫Γ c
1− χ   tc , n[ [ u

*
] ]ntc , [ [u

*
] ] dΓ c

 

Law of contact
−∫Γc

 1− χ 
n

δλ λ*dΓ c−∫Γc
χ  δλ

n
[[ δu ] ]⋅n λ*dΓ c

=∫Γc

1− χ 
n

 λt c ,n⋅n  λ* dΓ c∫Γc
χ  λ

n
[[ u ]]⋅n λ* dΓ c

 

Law of friction
∫Γc

χμλs
τ

[δΛ−K τ  δ  τ ] Λ*dΓ c∫Γc
1− χ  δΛΛ*dΓ c

=−∫Γc

χμλs
τ

[ Λ−P B 0,1  τ   ] Λ*dΓ c−∫Γc
1− χ   Λt c ,  Λ*dΓ c

 

One chose here to solve the problems of contact and implicit friction of way (the semi-multipliers of contact and friction
are expressed according to the jump of displacement of the current iteration of Newton). This choice makes the matrix
of rigidity nonsymmetrical, the block 
as for him 
impose 
penalized formulation 

A good conditioning of the equilibrium equation 

One then proposes to write the linear system in the form:

Object 2777

 

One proposes to give automatic values for the coefficients 
Object 2778

 and 
Object 2779

.

The conditioning of the equation of contact imposes: 
Object 2780

The conditioning of the equation of friction imposes: 
Object 2781

One can check on the way that the second members appreciably have the same order of magnitude, which is
necessary so that the convergence criteria on the relative residue are relevant.
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Object 2775

 and 
Object 2776

 . 

for the penalized method

1.5.3.1 For the Lagrangian method

1.5.3.2 The  continuous  method  of  contact  is  a  formulation  with two  fields:  displacements  and  contact
pressures. These two fields have orders of magnitude very different (that depends moreover selected
system of units) and led to terms of natures very different in the matrix from rigidity from contact. To
schematize, the terms associated with mechanical rigidity are about the modulus Young (for only one
material) divided by  

Object 2761

 (order of the square of the deformations) multiplied by the volume of an

element (either  
Object 2762

 if  
Object 2763

 is the size characteristic of the elements), whereas the terms due to the

contact are about 
Object 2764

 . There thus exists a report 
Object 2765

 between these two terms. Consequently, when
the Young modulus is large and more the size of the elements is large, the matrix of rigidity becomes
very badly conditioned and calculation can not converge. 

The adopted solution is that which consists in making a change of unknown factor: unknown factors of contact
pressures 

Object 2768

 are from now on 
Object 2769

 where 
Object 2770

 is the coefficient of scale:

Object 2771

 

Concerning the choice of this coefficient, we have 
Object 2772

 and 
Object 2773

. Consequently:

Object 2774

.

It is advised to define it about the quotient of the Young modulus of the least rigid material of the structure and of 
Object 2766

 .
In fact, even with a coefficient 106 times larger or small that 

Object 2767

 , the scaling makes it possible to solve the problems
of conditioning efficiently. 
1.5.4

1.5.4.1 For the penalized method 
 of independent contact. Such a P1 approximation would improve the precision compared to a constant approximation.

 

Figure 1.5-1 : P1 approximation on the facet of contact in bottom of crack

1.5.4.2 Under-cutting in triangular facets of contact

For each element, starting from the list of the points of contact P i , it is necessary to create a under-cutting in
triangular facets. For that, one sorts the points of contact per element with the same process as that being
used to direct the points of the bottom fissures (see [§Error: Reference source not found]). One determines
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n  the average of the normals to the nodes (based on the gradients of the level sets). One determines G
the barycentre of the points of contact on this element. One projects the points of contact in the plan of normal
n  and passing by G . For each one of projected, one determines the angle θ  compared to the 1er not list,
then one sorts the points of the list according to θ  growing.
 

To illustrate under-cutting in triangular facets, let us take a hexahedron occupying the area [0,1 ]3 . That is to

say the plan of Cartesian equation  4x−11 y−9zd=0 . Let us examine the intersections between this
plan and the hexahedron, for various values of the parameter d .

  
For d=−1 , it 3 points of intersection enters there the plan and the hexahedron. The trace of the plan in the
hexahedron is a triangle, which corresponds to the facet of contact. For  d=4 , it 4 points of intersection
enters there the plan and the hexahedron. The trace of the plan in the hexahedron is a quadrangle, is cut out
in  two  triangular  facets  of  contact.  For  d=6 ,  it  5  points  of  intersection enters  there the plan  and the
hexahedron. The trace of the plan in the hexahedron is a pentagon, is cut out in three triangular facets of
contact. For d=8 , it 6 points of intersection enters there the plan and the hexahedron. The trace of the plan
in the hexahedron is a hexagon, is cut out in four triangular facets of contact.  Error: Reference source not
found present the various diagrams for the values of d  previously evoked.

This example illustrates the different ones which can occur. In a general way, one can gather the various
cases according to the number of points of intersection met.  Error: Reference source not found gather the
under-cuttings carried out according to number of points of intersection found between the element (that the
element is a tetrahedron, a pentahedron or a hexahedron) and surfaces it crack.

3 points of
intersection

4 points of
intersection

5 points of
intersection

6 points of
intersection

T
ria

n
gu

la
r 
fa
ce

ts

P1 P2 P3
P1 P2 P3

P1 P3 P4

P1 P2 P3

P1 P3 P4

P1 P4 P5

P1 P2 P3

P1 P3 P5

P1 P5 P6

P3 P4 P5

Table 1.5.4.2-1 : Cutting in triangular facets
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Figure 1.5-2 : Intersections and cuttings for D = -1,4,6 and 8 (from top to bottom)

1.5.5 Zero setting of the inactive degrees of freedom

This procedure is used to put at zero the value of the degrees of freedom of which do not intervene in the
equations. Several solutions can be considered.

Notice :

The  discussion  which  follows  is  strongly  influenced  by  the  possibilities  (and  the  restrictions)  of
Code_Aster; the solutions considered could not then be exhaustive.

1.5.5.1 Not to introduce

First of all, couldn't one simply avoid introducing these degrees of freedom which for nothing and which are
not used will  have to be cancelled thereafter? One could for example initially imagine an element without
degree of freedom of contact, and once the intersections between the edges of the determined element and
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the crack, to add the degrees of freedom of contact necessary. That would like to say to transform the finite
element into finite element having of the degrees of freedom of contact in certain precise nodes (for example
with the nodes N1 ,  B ,  C ,  N4  Error: Reference source not found). One easily foresees the number of
possibilities  of  that  represents,  and  the  number  of  different  finite  elements  that  would  imply  (21  for  a
tetrahedron with 3 or 4 150 and points of intersection, more than for a hexahedron with 3,4,5 or 6 points of
intersection).  This solution is  thus isolated.  One is  thus well  obliged to have an element  of  contact  with
degrees of freedom of contact on all the nodes top and medium.

1.5.5.2 Elimination

To eliminate the degrees of freedom from contact which are not used for nothing, the simplest idea is that
which consists in withdrawing total system of equations the corresponding lines and columns (on paper, that
amounts “striping”  the useless lines and columns).  The system obtained is thus size lower than the total
system, and of the same size than that which one would have obtained with the method of the preceding
paragraph. However, the fact of withdrawing total system of the lines and columns is not possible at the
present time in Code_Aster.

1.5.5.3 Substitution

If one cannot eliminate from the degrees of freedom, value 0 should be affected to them. For that one can
decide to modify the tangent matrix and the second member, by putting an unspecified actual value k0  (for
example 1) on the diagonal from the matrix and 0 in the second member, with the position corresponding to
the degree of freedom to be cancelled. There is thus of an the same system cuts, but numerically badly-
conditioned because of the unspecified value selected on the diagonal. Indeed, on the level of the calculation
of the elementary matrix, one does not know overall the matrix of stiffness, therefore the optimal value of the
parameter k0  (in term of conditioning) is not known.

1.5.5.4 Dualisation

To mitigate this kind of problem, the keyword DDL_IMPO of the operator AFFE_CHAR_MECA allows to impose
on a degree of freedom of a node a preset value. To solve the linear system under constraints thus obtained,
the technique of double the multipliers of Lagrange is used feeding-bottleError: Reference source not found,
which allows a better conditioning than with the simplistic technique of the preceding paragraph, because the
choice of the parameters k0  is carried out knowing the assembled matrix. The principal disadvantage is that
two additional equations are added with the imposed system for each ddl.

1.5.5.5 Generalized substitution

The method by substitution is generalized with the imposition of ddl to an unspecified value (other that 0) in
Code_Aster (operator AFFE_CHAR_CINE). However, this operator does not function at the present time with
the nonlinear operator of statics (STAT_NON_LINE) used to solve the system (the non-linearity of with the
dealt problem is due to contact-friction).

1.5.5.6 Selected solution

Pour the old formulation, the solution which was adopted is that of the double multipliers of Lagrange. Let us
note that with the use of Mumps as solvor, only one multiplying is taken into account. However, one is return-
account that the argument on the bad conditioning which led us not to choose the method by substitution
does not hold. Admittedly, the matrix can be badly-conditioned, but that does not have a consequence on the
quality  of  the  results  because  the  matrix  is  diagonal  per  block  (for  example,  the  diagonal  matrix
diag 1 ,10.e16  is badly conditioned but does not pose a problem). One thus thinks of using in the future
the  method  by  substitution  (either  while  putting  at  the  hand  of  the  1  on  the  diagonal,  or  while  using
AFFE_CHAR_CINE when it is functional , which is equivalent) instead of the dualisation. In the case of the new
formulation, there is much less degree of freedom of contact has éli to mine (see [§Error: Reference source
not found], elimination is useful for the bilinear meshs and the funds of crack) compared to the old formulation.
One does it by using the method by substitution: however this choice must be the object of a follow-up, even
of a study thorough of the robustness, because there are possible impacts on the stability of convergence. 
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Notice :

The cancellation of the degrees of Heaviside freedom and ace-tip nouveau riches in too (paragraph
[§Error: Reference source not found ]) is made by using the method of substitution. Indeed for problems
where the grid is refined in the zone of the crack, the number of equations added to cancel them in the
case of the choice of the dualisation would generate considerable additional computing times. 

1.5.6 Calculation of the normal with the facet at the points of integration

As long as the fields of the level sets are interpolated by linear functions of form, one can admit a normal n
single on the facet of contact, exit vector product on the sides of this facet. When one goes up in order, the
crack is nonplane and it  is  necessary to consider a new normal in each point of integration. This one is
resulting from the gradient of the level set normal, which results from the approximation to the nodes of the
facet of the gradients to the nodes. The gradients with the nodes are themselves resulting from an average to
the nodes of the elementary gradients of the elements connected to the node.

1.5.7 Conditioning 
degrees of freedom
ddls
 independent. They could be for example carried by the nodes mediums of the opposite edges. On the example of
Error: Reference source not found , the contact pressure in  B  would be carried by the node  F  and the contact
pressure in A  by the node E  . This case is generalizable with any type of configuration. The interest is to have 
degrees of freedom
ddls
 of contact on the points of the bottom are truths 
degrees of freedom
ddls
 mediums of the facet of contact. In 2D, the facet of contact is connected with an arc of a circle where one knows only
the coordinates of his ends following the preceding algorithm. To determine his point medium, one uses the method of
Newton which evaluates the point of intersection between the mediator of the segment connecting the two ends and
the izo- zero of the level set normal.

1.5.7.1 Case of the elements in bottom of crack

For an element containing the bottom of crack, one needs a particular treatment to determine the points of
contact. Indeed, such elements are not entirely cut by the crack. The points of contact are then of two types:

•maybe of the intersections between the surface of the crack and the edges of the element (case general
evoked in the preceding paragraph),

•maybe of the intersections between the bottom of crack and the faces of the element (case specific to
the elements containing the bottom of crack).

Points  of  the 1er type are determined by the preceding algorithm,  and the points of  the 2Nd type by the
algorithm of research of the points of the bottom of crack (see the paragraph [§Error: Reference source not
found]).

Points of contact of the 2Nd type are associated with no edge, and are thus carried natively by no ddl. They
thus do not intervene in the writing of the approximation. This situation corresponds to a P1 approximation of
the unknown factors of contact on the facet of contact in bottom, having a zero value in bottom of crack (see
diagram from the  top  of  Error:  Reference  source not  found).  Another  solution  is  to  consider  a  constant
connection. In this case, the pressure in bottom of crack is considered equal to the pressure of the point of
contact on an edge nearest. It is this solution which was adopted. In the example of Error: Reference source
not found, the diagram of bottom illustrates the approximation of the contact pressure on the facet ABC  :
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λ  x  = λ AψAλBψ BλCψC

= λDψ A λCψBλCψC

 

Since BCBD  and ADAC , the unknown factor of pressure in B  is carried by the point C  and the
unknown factor of pressure in A is carried by the point D , there is thus no additional ddl on the faces. This
approach could be qualified “P0-P1”, because the approximation is a mixture of P0 and P1. The contact
pressure is P1 along the bottom of crack, and P0 along the others with dimensions of the facet.

 

Figure 1.5-3 : Various approximations of the contact on the facet in bottom of crack

Another alternative would be to consider a true P1 approximation on the facets of contact in bottom of crack. For that, it
would be necessary that them 
nodes
nodes

 ∑
i=1

nno

 i ,  lsni=0  to find the value of the second coordinates of reference. By passage in the real element, one

determines his real coordinates x , y   . 
end if

If the element is quadratic, it is necessary, besides the points of intersection to interpolate the coordinates of 
polynomial
polynomial
 edge, then

   interpolation of the coordinates of C 
if lst C ≤0  then

the point is added C  with the list of P i  (with checking of the doubled blooms)
end if

end if

end if

•fine buckles

Details of the interpolation of the coordinates of the point C:

If the element is linear:
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s=
lsn  E1

lsn  E1−lsn  E2 
  

C=E1
−s  E2

−E1   
lst C =lst  E1−s  lst  E2−lst  E1    

If the element is quadratic 2D:
The position of the point on the edge informs about the value of one of its coordinates of reference   or   , it is then
enough to solve the equation 
nodes
nodes
 of 
number
no.
 2 and 4 in order to satisfy condition LBB (see [§ Error: Reference source not found ]).  That makes a total of 6
introduced variables. 

1 2 

3 4 

1 2 3 
Element X-FEM 
avec contact 

Element X-FEM 
sans contact 

 

Figure 1.5-4 : Nodes carrying the ddl of contact. Old formulation on the left, new formulation on the right.

FACET OF CONTACT
The surface of contact is used only with ends as integration but it requires the installation of algorithm of
research of the points of intersection and the points mediums if the element is quadratic.

The algorithm of research of the points of intersection is presented in the following way:
On an element:

•buckle on the edges of the element
 

are E1  and E2  two ends of the edge

if lsn  E1  lsn  E2≤0  then

•buckle on the two ends
 

if lsn  E j =0  and lst  E j ≤0  then

the point is added E j  with the list of P i  (with checking of the doubled blooms)
end if
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if quadratic element 2D: lsn  E 3=0  and lst  E3≤0  then

the point is added E3  with the list of P i  (with checking of the doubled blooms)
end if

•fine buckles

if lsn  E k ≠0 ∀ k∈  

nodes
nodes
 1 and 3 as well as 
nodes
nodes
. Two relations of equalities connect them respectively 
degrees of freedom
ddl
 tops is on the whole 4 
nodes
nodes
 of contact only on 
degrees of freedom
ddl
 of contact independent. On the same figure on the right one deals with the same problem with the new formulation,
one introduces 
degrees of freedom
ddl
 that 2 
requiring
requiring
 1 and 3 to satisfy condition LBB (see [§ Error: Reference source not found ]). That makes a total of 16 variables
introduced for a problem 
nodes
nodes
 2 with 
node
node
. It is then necessary to eliminate those in red, which thus implies to introduce 6 additional dual variables (see [§ Error:
Reference source not found ]). Moreover one linear relation connects it 
degrees of freedom
ddl
 tops and mediums, is on the whole 9 
nodes
nodes
 of contact on all them 
degrees of freedom
ddl
 of contact. On the figure of left, one introduces for the old formulation of 
degrees of freedom
ddl
 of contact and in addition the not cut elements X-FEM which do not need 
degrees of freedom
ddls
 of contact in both cases. It is noticed that one distinguishes on the one hand the elements X-FEM cut by the crack
which will carry 
degrees of freedom
ddls
 bearing them 
nodes
nodes
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 in excess. 
 

By way of an example, the figure 1.6.3 watch them 
degrees of freedom
ddl
 of contact in the system. One introduces also less dual variables to eliminate them 
degrees of freedom
ddl
 tops and the difference compared to the old formulation is that one introduces less 
nodes
nodes
 of contact are carried exclusively by 
degrees of freedom
ddls
 are the unknown factors of contact (they intervene then in the discretized equations), the others inactive and are put at
zero (they do not intervene in the equations) as explained in the paragraph [§Error: Reference source not found].

 

Figure 1.5-5 : Example of triangular facets
on a hexahedron and nodes associated mediums

NEW FORMULATION
In the new formulation, them 
degrees of freedom
ddls
 of contact on all the nodes (nodes top and nodes medium). According to the position of the crack, some of these 
degrees of freedom
ddls

where nno  is the number of nodes of the linear element relative.

1.5.8 Semi-multipliers of friction

Just as for the multipliers of contact, the semi-multipliers of friction are interpolated with ψ i , functions of form

of the triangle with 3 nodes for the old formulation and with i  function of form of the element relative for the

new formulation. In 3D, Λ  is a vector of the tangent plan on the surface of the crack. The gradients of the
level  sets make it  possible to define a base covariante in the surface of the crack,  in which  Λ  will  be
expressed. One defines the 2 vectors of the base covariante by:

n ls , τ1 , τ2 =∇ lsn ,∇ lst ,∇ lsn×∇ lst   
where n ls  is the local normal resulting from the gradient of the level set normal. Vectors  τ 1 , τ2  resulting
from the gradients (nodal) level sets, they can be interpolated within the elements so as to obtain vectors at

the tops i  facets of contacts, is τ i
1
 and τ i

2
, 1,3i  . The approximation of the semi-multipliers of friction

on a facet of contact is written then for the old formulation:
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Λh x =∑
i=1

3

Λiψ i  x =∑
i=1

3

 Λi
1 τ i

1Λi
2 τ i

2ψ i  x   

For the new formulation, the approximation is written:

Λh x =∑
i=1

nno

 Λi
1τ i

1Λ i
2τ i

2i x  ,

where vectors τ i
1 ,τ i

2  for a node I correspond to those of the point of intersection of the interface  with the

edge of the element associated with node I. The associated point of intersection is this node (if it is about a
node by where the interface of contact passes), that is to say the intersected edge containing this node (if it is
about a cut  edge).  If  the node belongs to several  intersected edges,  one associates it  with the point  of
intersection of the vital edge.

1.5.9 Finite element of contact
 

1.5.9.1 Case general

OLD FORMULATION
For the old formulation, it is noticed that them λ i  are associated with points which do not make by part of the
grid. To find a classical framework finite elements, we had decided to associate them with the nodes mediums
of the edges considered (even if the points of intersection are not in the medium Dbe edges). This artifice is
only intended for a simple implementation in a code finite elements general, who accepts only nodal unknown
factors. The other nodes mediums carry also degrees of freedom of contact but they are put at zeros.
   
If the surface of contact coincides with a face of an element, then the points of contact are nodes of the grid
and the degrees of freedom of contact are then carried by nodes tops of the finite elements

In short, the finite element of contact has by way of 
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1.6 Under-cutting

A special attention must be carried during the digital integration of the terms of rigidity and second member of
an element crossed by the crack. Indeed, on an element crossed by a crack, the gradients of displacements
can be discontinuous, and in this case the digital integration of Gauss-Legendre on the totality of the element
is not applicable. In order to replace itself under classical conditions of regularity, it is advisable to carry out an
integration on fields where the intégrande is at least continuous. For an element crossed by a crack, it is thus
necessary  to  integrate  separately  on  both  sides  of  the  crack  (this  appears  for  the  1 era time in  feeding-
bottleError: Reference source not found for the 2D and in feeding-bottleError: Reference source not found for
the 3D). Several procedures possible, and are easily put in work in 2D. The difficulties appear with the 3D.

One seeks under-to cut out under-tetrahedrons an unspecified voluminal element (tetrahedron, pentahedron,
hexahedron) cut by a surface. It is pointed out that this cutting is used only with ends as integration, it is
purely virtual and no node is added to the grid. The grid of anything is not modified.

For  the pentahedrons and the hexahedrons,  the number of  possibilities being too important  and the too
complicated  configurations,  one  prefers  to  be  reduced  to  cutting  tetrahedrons.  One  thus  carries  out  a
preliminary phase which consists in cutting out in a systematic way the pentahedrons and hexahedrons in
tetrahedrons (independently of the position of the crack). Each tetrahedron thus obtained will then be cut out
under-tetrahedrons according to the algorithm below.

1.6.1 Preliminary phase of cutting of the hexahedrons to bring back itself to tetrahedrons:

 

Figure 1.6-1 : Division of a hexahedron in tetrahedrons
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A hexahedron is divided then into 6 tetrahedrons, indexed in the following table:
       

hexahedron tetrahedron

N1 N2 N3 N4 N5 N6 N7 N8

N7 N4 N3 N1
N1 N6 N2 N3
N3 N6 N7 N1
N6 N1 N5 N7
N4 N7 N8 N5
N4 N5 N1 N7

Table 1.6.1-1 : Division of a hexahedron in tetrahedrons

It is noted that this cutting is arbitrary. One could have chosen another manner of cutting out a hexahedron in
2 pentahedrons like another way of cutting out a pentahedron in 3 tetrahedrons. 

1.6.2 Preliminary phase of cutting of the pentahedrons to bring back itself to tetrahedrons:

 

Figure 1.6-2 : Diagram of division of a pentahedron in tetrahedrons

A pentahedron is divided then into 3 tetrahedrons, indexed in the following table:

pentahedron tetrahedron

N1 N2 N3 N4 N5 N6
N5 N4 N6 N1
N1 N2 N3 N6
N6 N2 N5 N1

Table 1.6.2-1 : Division of a pentahedron in tetrahedrons
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1.6.3 Under-cutting of a tetrahedron under-tetrahedrons:

The tetrahedron of reference is defined on Error: Reference source not found. One determines the points of
intersection Pi  between surface lsnh

=0  and edges of the tetrahedron.

That is to say n  the number of points of intersection Pi .

At each point of intersection Pi , two entireties are associated: Ai  and NSi

• Ai  is the number of the edge on which is Pi  (for example if  Pi  is on the edge of ends N2−N3 ,
then Ai=4 ). If Pi  coincide with a node top of the tetrahedron, Have is worth 0,

• NSi  is  the number of  the node top Dyears the case where  Pi  coincide with  a  node top of  the
tetrahedron (for example if Pi  coincide with N3 , then NSi=3 ). If Pi  is on an edge, NS  0 are
worth.

Notice :

The product of Ai  by NSi  0 are always worth.

The points of intersection are then sorted according to the order ascending of Ai . The points of intersection
coinciding with nodes top will thus be found at the beginning of the list.

 

Figure 1.6-3 : Tetrahedron of reference

The approximation of the level set using the functions of form of the tetrahedron, surface lsnh
=0  is then a

plan. The problem is thus reduced to the cutting of a tetrahedron by a plan. Let us examine the various
possible cases according to the value of n  (many points of intersection Pi ). One can already eliminate the
commonplace cases where no under-cutting is necessary:

•when n3  the trace of the plan in the tetrahedron is a top or an edge,
•when n=3  and that the 3 points of intersection are point tops, the trace of the plan in the tetrahedron is

a face of the tetrahedron.

In these two cases, one obtains only one under-tétra, who corresponds to the tetrahedron.
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Figure 1.6-4 : Case without under-cutting

1.6.3.1 3 points of intersection including 2 points top

P1  and  P2  are inevitably the two points top (thus  A1=A2=0 ).  According to  A3 ,  number of edge
corresponding to P3 , one can determine the 2 ends of this edge, are E1  and E2 .

 

Figure 1.6-5 : Case general where n=3  including 2 points top

One obtains a under-tetrahedron of each with dimensions interface, that is to say with final the 2 under-
tetrahedrons.

2 under-tetrahedrons
P1 P2P3 E1  + P1 P2P3 E2

Table 1.6.3.1-1 : Under-tetrahedrons

1.6.3.2 3 points of intersection of which a point top

P1  is inevitably the point top (thus A1=0  and A2≠0 ). Edges A2  and A3  have a joint node, E1 , and
2 different nodes E2  and E3 .

 

Figure 1.6-6 : Case general where n=3  of which a point top

One obtains a under-tetrahedron of with dimensions, and other a pyramid which one divides into 2 under-
tetrahedrons, is with final the 3 under-tetrahedrons.

3 under-tetrahedrons
P1 P2P3 E1  + P1 P2P3 E3  + P1 P2E2 E3

Table 1.6.3.2-1 : Under-tetrahedrons
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1.6.3.3 3 points of intersection of which no point top

In each of the 4 indexed configurations, one obtains a under-tetrahedron and a under-pentahedron (Error:
Reference source not found). These configurations are given according to the numbers of the intersected
edges. For example, the configuration n°2 is that where the point P1  is on edge 1, the point P2  is on edge
4 and the P3 point on edge 5, is A1=1 , A2=4  and A3=5 .

 

Figure 1.6-7 : Configurations of a tetrahedron with 3 intersected edges

configuration a under-tetrahedron + a under-pentahedron
1 P1 P2P3 N1  + P3 P1P2 N4 N2 N3
2 P1 P2P3 N2  + N1 N3N4 P1 P2P3
3 P1 P2P3 N3  + N4 N2 N1P3 P2 P1
4 P1 P2P3 N4  + N1 N2N3 P1P2 P3

Table 1.6.3.3-1 : Under-cutting following the configurations

The under-pentahedron is divided into 3 under-tetrahedrons according to Error: Reference source not found,
which makes with final the 4 under-tetrahedrons.

1.6.3.4 4 points of intersection

In each of  the 3 indexed configurations, one obtains 2 under-pentahedrons (Error:  Reference source not
found). These configurations are given according to the numbers of the intersected edges. For example, the
configuration n°1 is that where the point P1  is on edge 1, the point P2  is on edge 2, the point P3  on edge
5, and the point P4  on edge 6, that is to say A1=1 , A2=2 , A3=5  and A4=6 .

 

Figure 1.6-8 : Configurations of a tetrahedron with 4 intersected edges

configuration 2 under-pentahedrons
1 P4 P2 N3P3 P1 N2  + N1P1 P2 N4 P3P4
2 P1 N2P3 P2 P4 N4  + P2 P1N1 P4 P3N3
3 P1 P3N3 P2P4 N4  + N2 P4 P3 N1P2 P1

Table 1.6.3.4-1 : Under-cutting following the configurations

2  under-pentahedrons are divided into  3 under-tetrahedrons as indicated in  Error:  Reference source not
found, which makes with the final one, 6 under-tetrahedrons.
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1.6.4 Multi-cutting
      

When one wants to model junctions, intersections or simply that two cracks are enough close to cut out the
same element,  it  is  necessary  to  be  able  to  divide  the  element  into  fields  which  respect  all  introduced
discontinuities.

The strategy selected consists in sequentially cutting out the element several times. It is a strategy which has
as a merit  to be rather fast  to implement,  because the cutting of  a tetrahedron of  reference by a crack
generates under-tetrahedrons which can in their turn being regarded as tetrahedrons of reference for cutting
by the following crack. 

The problem is that one does not optimize the total number of subelements generated, which is likely to be
very high if one redécoupe more than 3 times in 3D. To solve this problem, it would be necessary to be able to
directly cut out any type of element (hexahedron, pentahedron, pyramid, tetrahedron) in combination of all
these type of elements. That requires rather heavy developments and is thus not possible. Another strategy
would consist in gathering the subelements by zone and finding the number of points of gauss (and the
weights) optimal per zone. One would not store any more the subelements but directly the zones with the
points of associated gauss.

1.6.5 Maximum number of subelements

In order to correctly dimension the structures of relative data to under-cutting, it is advisable to determine the
maximum number of subelements generated by the phase of under-cutting, according to the type of the initial
mesh.
One considers in this paragraph which the element is cut out only by only one fissures.

1.6.5.1 Case of the tetrahedron

The  case  generating  more  a  large  number  of  subelements  that  is  described  in  the  paragraph  [§Error:
Reference source not found], which leads to 6 subelements.

1.6.5.2 Case of the pentahedron

A pentahedron being divided as a preliminary into three tetrahedrons,  one could think that  more a large
number of generated subelements is that where each one of these three tetrahedrons is in its turn under-cut
out  in  6  subelements;  what a  final  cutting  in  18  subelements  would  involve.  However,  such  a  case  is
impossible. To the maximum, on the three tetrahedrons, two will be cut out in 6 subelements and only one will
be cut out in 4 subelements, outcome with 16 subelements.

1.6.5.3 Case of the hexahedron

As previously, the  case where  all  the six  tetrahedrons  each  one under-are  cut  out  in  6  subelements is
impossible.  The maximum case is that  which corresponds to the case evoked preceding paragraph: two
pentahedrons deduced from the hexahedron (see Error: Reference source not found) under-are cut out each
one in 16 subelements. The number of subelements is thus 664664=32 .

1.6.6 Under-cutting 2D

One uses a method comparable to cutting 3D for cutting 2D. The quadrangles will be subdivided in same
triangles them under cut out according to the passage of the crack.

The quadrangles in 2 triangles are cut out:
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Figure 1.6-9 : Under-cutting of a quadrangle in triangles:                                                                linear (on the
left), quadratic (on the right)

quadrangles triangles

N1 N2 N3 N4
N1 N2 N4
N2 N3 N4

N1 N2 N3 N4 N5 N6 N7 N8
N1 N2 N4 N5 N9 N8
N2 N3 N4 N6 N7 N9

Then one recuts the triangles according to the passage of the crack. One carries out the same sorting as in
3D for the points of intersection Pi .

 
Notice :

The node  N9  is  not  a  node of  the grid.  It  is  added to  make connectivity  between the quadratic
quadrangle and triangles. It is defined as being the medium of the segment N2N4  (and not the central
node of the quadrangle).

When one has 1 or 2 points of intersection which fall only on the tops, no cutting is necessary.

  

Figure 1.6-10 : Case without under-cutting

If 1 or 2 of the points of intersection does not fall on a top, the triangles are recut.

If there is 1 point top and 1 point not top, P1  is forcing top. One determines the tops of the edge of the 2E not
N2  and  N3  to cut out the triangle in 2 pennies triangles  P1 N2P2  and  P1 N3P2 . If the triangle is
quadratic, one determines the points mediums of the edge of the 2E not Q1  and Q2  and that of the crack
Q3 .
 
 

Figure 1.6-11 : Case of linear cutting (on the left) and quadratic (on the right)                                                with 2
points of intersection including 1 top
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With 2 points not top, one must cut out in 3 triangles. The triangles are obtained N1P1 P2 , P1 P2N3  and
P1 N2N3 . N1  being the point close to the 2 points of intersection according to the sorting carried out. If
the triangle is quadratic, one determines the points mediums of the edge of the 1er not Q1  and Q2 , those of
the 2E not Q3  and Q4 , that of the crack Q5  and that of the new edge Q6 .

      

 
 
 

 

Figure 1.6-12 : Case of linear cutting (on the left) and quadratic (on the right)                                         with 2
points of intersection without top

1.6.7 Under-cutting and error of discretization

To determine the intersections between the edges of the tetrahedrons and the surface of the crack, one uses
the interpolation of the level set linear normal in manner on the edges (Error: Reference source not found).
That is not in conformity with the approximation of the level set normal on the voluminal element (except for
the tetrahedrons). It would be necessary to use the approximation on the voluminal element in all the cases.
This problem can be easily solved.

 

Figure 1.6-13 : Interpolation error of the level set normal

We put  if  one  actually  used  the  approximation  on the  voluminal  element  to  determine  the  intersections
between the edges of the tetrahedrons and the surface of the crack. The faces of the subelements created for
integration being plane, one does not respect really the border lsnh

=0 . Quantities integrated on the hatched
area (Error: Reference source not found) are thus false. Just as previously, this problem meets only for the
pentahedrons and the hexahedrons.
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Figure 1.6-14 : Errors of integration due to the discretization

Nicolas Moës proposes to modify the approximation of the level sets by a linear approximation per pieces, so
that one has in an exact way lsnh

=0  on the faces of the subelements delimiting the border. That requires a
cutting in conformity in subelements.  However our process of under-cutting does not  make it  possible to
undoubtedly obtain a grid in conformity. For example, nothing excludes to be found in the configuration of
Error: Reference source not found where the diagonals of two pentahedrons coupled cross.

 

Figure 1.6-15 : Incompatibility of under-cutting

For that, one could introduce during under-cutting a center point of the voluminal element (the barycentre for
example) which will  be used as top with the under-tetrahedrons. The only advantage of this method is to
integrate properly on both sides of the Iso-zero of the level set normal. This is interested only in 3D and in not-
plane cracks. Indeed, the under-cutting obtained in 2D is always in conformity, and for the plane cracks, the
faces of the subelements delimit the border exactly lsnh

=0 .

On this subject, it would be necessary to be able to quantify the mistake made by the current method. But it is
considered that this one does not exceed by the error of approximation related to the representation of the
true crack by the surfaces discretized (such as one defines it on Error: Reference source not found).

1.7 Integration rigidity

1.7.1 Intégrande of the term of rigidity mechanics

Approximation X-FEM of the field of displacement is written in vectorial form:

{uh }={i  j H k F
1 k F

2 k F
3 k F

4 }⋅{
ai
b j

ck
1

ck
2

ck
3

ck
4
}  

That is to say still:

{uh }={N }⋅{u }  

where { N }  is the vector of the base enriched by the functions of form and {u }  the vector of the nodal ddls
of displacement.
The deformation are written:

{ ε }=[B ]⋅{u }  

where [B ]  is the matrix of the derivative of the functions of forms

[B ]={ 
i ′

 j 
′
H k 

′
Fα

k F
α 

′

}, α=1,4  

On a finite element X-FEM occupying a field e , the form of the elementary matrix of rigidity is (according to
the expression éq 3.1.4 of the PTV):

[ K e ]=∫ e
[B ]

t
[ D ] [B ] d e  

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part and is
provided as a convenience.
Copyright 2021 EDF R&D - Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.html)



Code_Aster Version
default

Titre : Algorithmes de propagation de fissures avec X-FEM Date : 21/07/2017 Page : 39/156
Responsable : GÉNIAUT Samuel Clé : R7.02.13 Révision  :

9d16ecc526ab

One subdivides the integral in a sum of integrals on the subelements:

[Ke ]= ∑
sous-éléments

∫ se
[B ]

t
[D ] [B ] dse  

Let us note on the way that the quantities to be integrated do not change, and always refer to the finite
element X-FEM e  (called “element relative”) and not with the subelements se .

On each subelement, the intégrande is continuous. Indeed, the subelements respect the discontinuity of the

crack, therefore the function  H  x   there is constant, and the functions  i ′ ,  F
  and   F 

′
 there are

continuous.

1.7.2 Intégrande of the geometrical term of rigidity

When one places oneself within the framework of great rotations or the great deformations, it is necessary to
take into account geometrical rigidity. Geometrical rigidity is also useful in the case of the modal analysis.

In the case of great rotations for example, the virtual work of the internal forces can be written on the initial
configuration in the form:

 int=∫
S E : E∗  d  

where E  and S  are the vectors of deformation of Green-Lagrange and Piola-Kirchhoff constraint of second
species respectively.
The iterative variation of virtual work is written then:

 int=∫
 SE :E∗

SE : E∗ d  

and by using the fact that:

[E ]=
1
2

Ñu+Ñ uT +Ñ uT Ñu   

[ E ]=
1
2

∇ u∇ uT∇ uT∇ uT∇ uT ∇ u   

and:

[ E ]=
1
2

 ∇ uT ∇ u∇ uT ∇ u   

variation  virtual work becomes:

 int=∫
 S E :E∗

tr ∇ T u∗
⋅S⋅∇ δu  d  

The integral on an element X-FEM of the second term of this equation which is written (in 2D):

∫
e

tr ∇T u∗⋅S⋅∇ δu dse=∑
se
∫

 se
∑m, n

aX
∗ aY

∗ bX
∗ bY

∗ cX
∗ cY

∗ m⋅[K se
geom]m, n⋅

δaX

δaY

δbX

δbY

δcX


δcY


n

dse  

fact of appearing the geometrical matrix of rigidity of the subelement:
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where N and m correspond to the numbers of the nodes in the element relative.

1.7.3 Calculation of the derivative of the singular functions:

One seeks the derivative of the singular functions compared to the total coordinates  x , y , z  . The singular
functions are given according to the polar coordinates  r ,θ  .

Derived from the singular functions in the polar base  r ,θ   :

 [
∂F 1

∂ r
∂ F1

∂θ
∂ F 2

∂ r
∂F 2

∂θ
∂F 3

∂ r
∂ F3

∂θ
∂ F 4

∂ r
∂F 4

∂θ

]=[
1

2r
sin

θ
2

r
2

cos
θ
2

1
2r

cos
θ
2

−
 r
2

sin
θ
2

1
2r

sin
θ
2

sin θ r
2

cos
θ
2

sin θr sin
θ
2

cosθ

1
2r

cos
θ
2

sin θ −
 r
2

sin
θ
2

sin θr cos
θ
2

cosθ
]  

    

Derived from the singular functions in the local base {e1 , e2 , e3 }  :

[
∂F 1

∂ x1

∂ F1

∂ x 2

∂ F 1

∂ x3

∂F 2

∂ x1

∂F 2

∂ x 2

∂ F 2

∂ x3

∂F 3

∂ x1

∂ F3

∂ x 2

∂ F 3

∂ x3

∂F 4

∂ x1

∂F 4

∂ x 2

∂ F 4

∂ x3

]=[
∂ F1

∂ r
∂ F1

∂θ
∂F 2

∂ x1

∂ F2

∂θ

∂F 3

∂ x1

∂ F3

∂θ

∂F 4

∂ x1

∂ F4

∂θ

] [ cos θ sin θ 0
−sin θ

r
cosθ
r

0 ]  

Derived from the singular functions in the total base {E1 , E2 ,E3 }  :
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[
∂F 1

∂ x
∂ F1

∂ y
∂ F 1

∂ z
∂F 2

∂ x
∂F 2

∂ y
∂ F 2

∂ z
∂F 3

∂ x
∂ F3

∂ y
∂ F 3

∂ z
∂F 4

∂ x
∂F 4

∂ y
∂ F 4

∂ z

]=[
∂ F1

∂ x1

∂ F1

∂ x2

∂F 1

∂ x3

∂F 2

∂ x1

∂ F2

∂ x2

∂ F 2

∂ x3

∂F 3

∂ x1

∂ F3

∂ x2

∂F 3

∂ x3

∂F 4

∂ x1

∂ F4

∂ x2

∂ F 4

∂ x3

] [ P ]Ee
−1

 

where [P ]Ee  is the matrix of passage of the total base at the local base, such as

e1 e2 e3

[P]Ee = [× × ×
× × ×
× × ×]

E1

E2

E3

 

To express a quantity in the total base, one carries out the product of this matrix by the quantity expressed in
the local base, that is to say

X E=[P ]Ee X e  

This matrix being orthonormal, its reverse is obtained easily:

[P ]Ee
−1
=[P ]Ee

t
 

1.7.4 Diagrams of integration
     

1.7.4.1 Integration of the nonsingular terms

For the nonsingular terms (classical terms and Heaviside enrichment),  the functions to be integrated are
polynomials. Digital  integration by a diagram of Gauss-Legrendre on each under-tetrahedron then is well
adapted. That is to say npg  the number of points of Gauss. These points have as coordinates in the under-

tetrahedron of reference  sg , tg , ug   and the associated weight is noted w g . That is to say J  Jacobienne

of the transformation under-tetrahedron    under-tetrahedron of reference. Its determinant is constant by
subelement. The classical procedure is written:

∫
se

f d se=∫ se
ref f ∣det  J ∣d se≈∑

g=1

npg

f  sg , t g , u g wg∣det  J ∣  

The function  f  being only known in the reference mark related to the element relative of reference, it is

necessary to express the coordinates of the point of Gauss   sg , tg , ug   in this reference mark feeding-

bottleError: Reference source not found. First of all, one transports them in the real reference mark (simple
use of the functions of the shape of the under-tetrahedron), then one transports them in the reference mark
related to the element relative  of  reference (solution of  non-linear  equations by the algorithm of  Newton-
Raphson):

 sg , t g , ug 
t1

 xg , yg , z g 
t2

 g , g ,g   

Notice :

Indeed,  it  would  rather  be  necessary  to  write  ∫ se
ref f °t2°t1  s g , t g , u g  ∣det  J ∣d se . The

transformation t 1  is linear. On the other hand, the transformation t2  is non-linear. It is the reverse of
a linear transformation. It is a combination of rational fractions and square roots with several variables.

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part and is
provided as a convenience.
Copyright 2021 EDF R&D - Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.html)



Code_Aster Version
default

Titre : Algorithmes de propagation de fissures avec X-FEM Date : 21/07/2017 Page : 42/156
Responsable : GÉNIAUT Samuel Clé : R7.02.13 Révision  :

9d16ecc526ab

So one does not know the effect of f °t 2°t 1  on  the maximum order of the students' rag processions

in the case general. On the other hand, for a real element on parallel board (rhombus in 2D), t2  being

linear, it is considered that f °t 2°t1  sg , tg , ug   are students' rag processions in  , ,g g gs t u  same

order as those definite on the element relative of reference.

The functions of form of the isoparametric elements are of the students' rag processions of the type 
i


j


k

with i jk≤ p  (see it Error: Reference source not found). The derivative of the functions of form are then
of  the students'  rag processions in  the same way standard with  i jk≤ p−1 .  The quantities to be

integrated are thus of the students' rag processions of order m= p−1 
2 . One refers to feeding-bottleError:

Reference source not found to determine the adapted diagram allowing an exact integration1 of all the terms.
For the elements on nonparallel board, integration will be then approximate.

Element relative p  m= p−1 2  npg  

hexahedron 3 4 15
pentahedron 2 1 1
tetrahedron 1 0 1

Table 1.7.4.1-1 : Diagrams of integration according to the type of the element relative

1.7.4.2 Integration of the singular terms

The diagrams of digital  integration of Gauss-Legendre were conceived for the integration of polynomials.
However the presence of students' rag processions in  1/ r  coming from enrichment with the asymptotic
fields leads to a very slow convergence of the precision of these diagrams:  a considerable number of points
of Gauss is then necessary to obtain an acceptable error. When the singularity is on the border of the field of
integration,  of  the  quite  selected  changes  of  variables  successive  make  it  possible  to  be  reduced  to
integration on a unit field of a function not-singular, polynomial (or quasi-polynomial), on which a classical
integration of Gauss-Legendre proves to be effective and convergent feeding-bottle quicklyError: Reference
source not found. About ten points of Gauss in each direction is enough to reach the limits of the digital
precision of a calculator. When the singularity is not on the border, it is advisable to cut out the field under-
fields, so that the singularity is on the borders of the under-fields. In spite of very satisfactory results in term of
convergence of the relative error of integration on each feeding-bottle termError: Reference source not found,
the effort of implementation required for the structures 3D appears considerable feeding-bottle to usError:
Reference source not found. More especially as the difference on the level as of total errors (after resolution)
between a classical integration with a number of points of rather high but reasonable Gauss and a modified
singular integration is not really significant

For the moment, one set up the same classical diagram of Gauss-Legendre as that which is used for the
integration of the nonsingular terms.

1.8 Integration of the second surface members

1.8.1 Intégrande of the second member of the surface efforts

The second members due to the surface efforts are written in a discretized way:

∫Γ t t⋅u
∗dΓ t

 

surface Γ t  discretized corresponds to the faces of the elements 3D. a possible under-cutting for its faces 2D
is that corresponding to the trace of the under-cutting of the elements 3D. In Aster, one chooses to take
generic under-cutting 2D, corresponding to that described in the paragraph [§Error: Reference source not
found].

Just as for the integration of rigidity, it is necessary to determine the coordinates of the points of Gauss of the
under-triangle of reference in the element relative of reference 

1  An integration preserving the order of approximation finite element would be in fact sufficient
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That is to say the point of Gauss of coordinates  sg , tg   in the under-triangle of reference. The problem is

that the environment of calculation is 3D, One thus creates a real reference mark 2D local with each under-

triangle Is the under-triangle ABC , of normal n=
AB∧AC

∥AB∧AC∥
. The local base is written:

x l=
AB

∥AB∥
, y l=n∧ x l .

The point of Gauss has then as local coordinates:

 x g yg =∑
i=1

3

ψ i  s g ,t g  x
i ,∑

i=1

3

ψ i  s g , t g  y
i  

where ψ i  are the functions of forms of the under-triangles and  x i , yi   coordinates of the tops of the under-
triangle in the local reference mark 2D  x l , yl  .
As for the integration of the terms of rigidity, it is now necessary to use a method of Newton-Raphson to
determine the coordinates of the point of Gauss in the reference mark of reference of the elements relative
(element of face). For that, all the real coordinates are expressed in the real local reference mark 2D.

1.8.2 Intégrande of the second member of the surface efforts on the lips of the crack
   
The second members due to the surface efforts on the lips of the crack are written in a discretized way:

∫Γ c
g⋅u∗dΓ  

Integration is done on the two lips of the crack ( Γ c=Γ 1
Γ 2

), with for convention:

•the lip Γ 1  is such as the Heaviside function is negative and the polar angle is worth −π ,

•the lip Γ 2  is such as the Heaviside function is positive and the polar angle is worth π ,

Note:

The  normals  external  with  the  lips  being  opposite,  the  surface  efforts  equivalent  to  the  imposed
pressure have opposite signs.

The integration of the second member due to the efforts applied to the lips is done on the facets of the lips,
thanks to the data of the objects corresponding to the discretization of the lips in triangular facets (see [§Error:
Reference source not found]).  These objects were created at the origin for the taking into account of the
contact.

Only options CHAR_MECA_PRES_R and CHAR_MECA_PRES_F are currently programmed, for the elements 2D
(forced plane/plane deformations) and 3D, which means that it  is not possible to apply to the lips of the
shearing forces.

In multi-cracking, one can have different surface efforts on various cracks.

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part and is
provided as a convenience.
Copyright 2021 EDF R&D - Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.html)



Code_Aster Version
default

Titre : Algorithmes de propagation de fissures avec X-FEM Date : 21/07/2017 Page : 44/156
Responsable : GÉNIAUT Samuel Clé : R7.02.13 Révision  :

9d16ecc526ab

2 Contact rubbing with X-FEM

To take into account the contact rubbing on the lips of the crack with X-FEM, we chose the framework of the
method continues feeding-bottleError: Reference source not found, feeding-bottleError: Reference source not
found.

Contrary to the discrete approaches where the problem of contact is taken into account by assembly of nodal
forces, the equations are discretized here by the finite element method and the problem of contact is taken
into account by an assembly of elementary contributions. This approach was developed by many authors, like
Alart  et al. feeding-bottleError:  Reference source not  found, Laursen  et al. feeding-bottleError: Reference
source not found, Wriggers feeding-bottleError: Reference source not found, Curnier et al. feeding-bottleError:
Reference source not found, Pietrzak feeding-bottleError: Reference source not found.

In this “continuous” approach, the conditions of contact are seen like a law of interface and not like boundary
conditions. With the concept of law of interface between deformable bodies, one can associate at the time of
the passage of the continuous formalism with the discrete model, the concept of element of contact. The
resolution exact, and thus rigorous, of the laws of contact (nondifferentiable) can be carried out via a hybrid
element contact including the efforts of contact in the unknown factors of the problem. Within this framework,
the hybrid formulation led to a nonsymmetrical matrix tangent, nondefinite positive, badly conditioned, with
zeros on the diagonal.  The difficulty of  the problem lies in the non-differentiability of  the system to solve
feeding-bottleError: Reference source not found.

The method suggested by Ben Dia is very similar, but one chooses to eliminate the non-differentiability of the
contact by an algorithm from active constraints, and that of friction by a fixed problem of point on friction so as
to obtain a succession of regular problems having methods of resolution whose convergence is established.
Many alternatives, according to the adopted algorithms and their fitting exist, but the total convergence of the
diagram is not assured

It is pointed out that one one starts from formal Lagrangian of the problem of contact between two deformable
solids, that one introduces into the principle of virtual work. A variational formulation mixed displacement-
pressure  is  deduced by incorporating weak formulations  from the laws from contact.  The equations are
discretized by the finite element method. The choice of spaces finite elements of discretization as well as the
diagrams of integration (terms of contact) is clarified.

With X-FEM, the lips of the crack are treated as only one surfaces geometrical discontinuity which can be
interior with the finite elements. The integration of the terms of contact on this surface (nonwith a grid) then
called on the quantities carried by the nodes of the elements crossed by this one. In small displacements, no
pairing is not necessary because the points of the surface of the crack in opposite are intrinsically dependent
(they correspond to the same geometrical entity). The jump of displacement is expressed according to the
discontinuous degrees of freedom of enrichment introduced by X-FEM.

2.1 Formulation of the problem of rubbing contact

2.1.1 Formulation of the equations of the problem general

One will indicate by r 1  and r 2  densities of the efforts due to interactions of contact rubbing the possible

between two surfaces. One will indicate by t c
1  and t c

2  forces2 had with the possible interactions of cohesion

between two surfaces in the case of the opening of an interface.

Law of behavior σ=C :ε dans   
Balance ∇⋅σ= f dans   

Imposed surface efforts σ⋅next=t sur Γ t  

Density of the efforts of contact σ⋅ni=ri sur Γ i i=1,2  

Density of the efforts of cohesion σ⋅ni=t c
i sur Γ i i=1,2  

2 Force per unit of area, homogeneous with a constraint
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Imposed displacements u=0 sur Γ u  

Table 2.1.1-1 : Equations of the problem general

Note:

In spite of appearances, the relations on the densities the effort of contact and the densities the effort of
cohesion are not incompatible. Indeed, the first is valid only when the solids are in contact whereas the
second is applicable only if the solids are separated.

2.1.2 Laws of the contact
 
That is to say P  a point of Γ c . One notes P1  and P2  points coinciding on Γ 1  and Γ 2  respectively.

The condition of not-interpenetration enters P1  and P2  is written in the direction n , the normal with Γ 1  :

d n= x  P1− x  P2  ⋅n≤0  

 

Figure 2.1-1 : Definition of the game

One breaks up the density the effort of contact r  in a normal part λ  who indicates the normal pressure of

contact and another tangential r τ . Thus, the density the effort of contact is written:

r=λnr τ  

 

Figure 2.1-2 : Definition of the density the effort of contact

With these notations, the laws of contact (laws of Signorini) are written in the following form:

d n≤0, ≤0,  d n=0  

These laws utilize inequations, but those do not lend themselves easily to a weak formulation. For that, one
rewrites  these  laws  in  another  form,  by  transforming  them  into  only  one  equivalent  equation  feeding-
bottleError: Reference source not found :

−  g n g n=0  
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In this expression,   is the indicating function of ℜ
−  defined by

  x ={1 si x0
0 si x≥0  
   

  

Figure 2.1-3 : Definition of the indicating function of ℜ
−

and  g n  the multiplier  (known as  of  contact  increased feeding-bottleError:  Reference source not  found)
defined by:

g n= λ− ρn d n  

where ρn  is a strictly positive reality.

The problem of contact posed by the laws of Signorini introduces a not-univocal relation (  is not a function

of  d n ), semi-definite positive and nondifferentiable in  =d n=0  like illustrates it [Error: Reference source
not found].

 

 

Figure 2.1-4 : Graph of the law of unilateral contact of Signorini

A regularization by penalization of the interpenetration makes it possible to make this relation univocal, to see 
[Error: Reference source not found].
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Figure 2.1-5 : Graph of the law of contact regularized

Physically, one authorizes the solids to be interpenetrated at the cost of a stiffness n  very high. The contact

pressure is then given by  =−nd n  and becomes equal to the multiplier of contact  gn . It is noted that

more the coefficient of penalization is increased n , more one approaches the classical law of contact.

2.1.3 Laws of friction

For the phenomena of friction, one uses the laws of Coulomb which are written as follows:

∥r∥≤∣∣

Si ∥r

∥∣∣ alors                 v=0

Si ∥r

∥=∣∣ alors  ∃≥0 ; vτ=− r  

where   is the coefficient of friction of Coulomb and v  tangent relative speed.

One notes thereafter  x  the projection of  x  on the tangent level on the surface of contact, defined by

x= Id−n⊗n x , where the symbol ⊗  indicate the tensorial product.

Just as for the laws of contact, one can write the laws of friction as follows in an equivalent way:
r =   

−Ρ
Β  0,1   g =0

 
g= v  

In these expressions,    is a semi-multiplier (vectorial) of friction,  g  is the semi-multiplier (vectorial) of

increased friction,  P B 0,1   is  projection on the ball  unit  and    a strictly positive  parameter. The semi-

multiplier of friction  , of which the module is always lower or equal to 1, corresponds to the direction of slip
when its module is worth 1, and corresponds to the direction of adherence when its module is strictly lower
than 1. [Error: Reference source not found] presents in 3D a case of slip and a case of adherence.
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Figure 2.1-6 : Projections on the ball unit in 2D: slip (on the left) and adherence (on the right)

The laws of friction are supplemented by the equation (of standard exclusion) following:
d n Λ=0 ou 1− χ g

n
Λ=0

 

The problem of friction expressed via the laws of Coulomb introduces a not-univocal relation ( R  is not a

function of v ), and nondifferentiable (see [Error: Reference source not found]).
   

 

 

Figure 2.1-7 : Graph of the law of friction of Coulomb

The penalized method makes it possible to make this relation univocal (see [Error: Reference source not 
found]).
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Figure 2.1-8 : Graph of the law of friction regularized

The semi-multiplier of vectorial friction is then given by the relation =PB 0,1   .

It is noted that more the coefficient of penalization is increased  , more one approaches the classical law of
contact.

2.1.4 Cohesive model

The formulation of  the cohesive  law is  based on the standard commodity  feeding-bottleError:  Reference
source not found.
It is identical to the law  CZM_EXP_REG explained in [R7.02.11]. We are satisfied here to recall the principal
results of them. The reader can refer to it  for a thorough comprehension.

We write the jump of displacement such as definite for the algorithm of contact, with the notation defined by
the figure Error: Reference source not found:

〚u〛 P1=u P1−u P2   

We have then 〚un〛=〚u〛⋅n  negative in opening and positive in interpenetration. Notations of [R7.02.11] 

pose a jump of displacement   such as ⋅n that is to say positive in opening and negative in 
interpenetration. To bring back to us to our notations, we re-use the results of [R7.02.11] while posing
=−〚u〛

The opening of a crack in mixed mode is characterized by a criterion of damage defined by means of the jump
of equivalent displacement and internal variable  . The material remains in the elastic range as long as the
inequality is checked: 

f 〚u〛eq ,=〚u〛eq−≤0  

• 〚u〛èq=〈〚un〛〉-
2
〚u〛

2  is the jump of equivalent displacement, 

 
• 〚u〛=〚u〛−〚un〛n  is the jump of tangent displacement,

• t =max {0 , max
v∈[0, t ]

〚uv〛éq }  is the internal variable of the cohesive law,

• 0  is  the  initial  value  of   .  This  value  is  given  by  the  user  via  the  parameter  material

PENA_ADHERENCE so that 0=
Gc

 c
PENA_ADHERENCE .

The cohesive constraint is written then like summons of an elastic constraint, a dissipative constraint and a
constraint of penalization which gives an account of the contact:

t c=H 〚u〛èq−   lin1−H  〚u〛èq−   dis pen  

where H  is the indicating function of ℜ
  

•  pen=−C 〈〚un〛〉+n  is the constraint of penalization.

where  C  Is a coefficient of penalization clarified in [R7.02.11] given starting from the parameter material
PENA_CONTACT.
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•  lin= dis=−
c


exp −

c

G c

〚u〛  is  the  expression  common  to  the  linear  constraints  and

dissipative, with  =〚u〛èq  for  dis .

where  c is the critical stress with the rupture 
   
and Gc  is the energy tenacity of material. It corresponds indeed to energy necessary to the complete 
opening of the interface over a unit length. A fast calculation with the preceding expressions makes it possible
to confirm: 

∫
−∞

0

t c ,⋅d 〚u〛∫
−∞

0

 t c , n⋅n d 〚un〛=G c
 

 
One represents on the figure Error: Reference source not found the cohesive constraint for a loading in mode
I  pure according to the jump of normal displacement.

 

For 〚un〛0 , it is also usual to define a force of equivalent cohesion t c ,eq  thanks to the energy condition of 
equivalence:

t c , eq
˙〚u〛eq=t c , n⋅n

˙〚un〛 t c ,⋅
˙〚u〛  

To find his value, one derives 〚u〛èq  compared to time.

˙〚u〛èq=
˙〚un〛〚un〛

˙〚u〛⋅〚u〛

〚u〛èq
 

From where one identifies: t c ,èq=t c ,n⋅n
〚u〛èq
〚un〛

=∥t c ,∥
〚u〛èq
∥〚u〛∥

=−
 c


exp −c

G c

 〚u〛èq
The figure Error: Reference source not found represent the evolution of the force of cohesion equivalent 
according to the jump of equivalent displacement according to this law of behavior.
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Note:

One defines sometimes a jump of equivalent displacement  〚u〛èq= 〈 〚un〛〉-2
2
〚u〛

2  where   is

an experimental coefficient which represents the report of intensity of the forces of opening in mode I
and  in  mode  II .  By  taking  again  the  preceding  reasoning  then  with:

One deduces the expressions from the components:

t c ,n=
t c ,eq 〚un〛

〚u〛èq
n=−

 c


exp− c

G c

〚un〛n , t c ,=
2 tc , eq〚u〛

〚u〛èq
=−

2 c


exp − c

G c

〚u〛

2.2 Mixed variational formulation

Let us transform the strong form of the problem into a weak formulation, adapted better to the finite elements.
The field u  must belong to the unit V 0  fields of displacements kinematically acceptable:

V 0={v∈H1 , v discontinu à travers Γ c , v=0 sur Γ u }  

Let us indicate by H  the space of the sphere of activities of contact.

The weak formulation of the problem of rubbing contact is written as follows:

To find u , r1 , r 2∈V 0×H×H  such as

∫
σ u : ε u*d=∫

f⋅u*d∫Γ t
t⋅u*dΓ∫Γ 1 r

1
⋅u*1

dΓ 1
∫Γ 2 r

2
⋅u*2

dΓ 2

∫Γ 1 tc
1⋅u*1

dΓ 1∫Γ 2 t c
2⋅u*2

dΓ 2 ∀u*∈V 0

 

By writing the jump with the following notation

[ [ x ] ]  P1 =x  P1 −x  P2  ,
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exp− c

Gc

〚u〛èq
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and one noting  r=r 1  and  t c=t c
1  thereafter, the weak formulation of  the problem of rubbing contact is

written in an equivalent way as follows:

∫
 u : u* d=∫

f⋅u* d∫t
t⋅u*d ∫Γ c

r⋅[[ u*
] ]d c∫ c

t c⋅[[ u
*
] ]dΓ c ∀ u*

∈V 0  

Spaces of the unknown factors of contact are the following:

H= {∈H−1 /2 c  ,≤0 sur c }
H= {r ∈H−1 /2 Γ c  ,∥r∥≤ sur c }

 

2.2.1 Method of Lagrangian increased

The weak formulation with three fields is written finally, in the case of an increased Lagrangian formation:

To find  u , λ , Λ ∈V 0×H×H

∀ u* , λ* , Λ* ∈V 0×H×H  

Equilibrium equation ∫
σ u : ε u* d −∫

f⋅u* d−∫Γ t
t⋅u* dΓ

−∫Γ c
χ g n g n n⋅[[ u

* ] ]dΓ c−∫Γ c
χ  gn μλs ΡΒ  0,1  g τ ⋅[[ u τ

*
] ]dΓ c

−∫Γ c
1− χ  gn   t c , n⋅[[ u

* ] ]ndΓ c−∫Γ c
1− χ  gn   tc , ⋅[[ u

* ] ]dΓ c=0

 

Law of contact
∫Γc

−1
ρn

 λ− χ gn  gn1− χ g n  t c , n⋅n λ*dΓ c=0  

Law of friction

 
∫Γc

μχ  gn λs Δt
ρτ

 Λ−P B 0,1   gτ   Λ*dΓ c

∫Γc 1− χ  g n   Λt c ,  Λ*dΓ c=0

 

2.2.2 Penalized method

The weak formulation with three fields is written finally, in the case of a purely penalized formation:

To find u , , ∈V 0×H×H  

∀ u* ,* ,* ∈V 0×H×H  

Equilibrium equation ∫
σ u : ε u* d −∫

f⋅u* d−∫Γ t
t⋅u* dΓ

−∫Γ c
χ g n ⋅[[ u

* ] ]⋅ndΓ c −∫Γ c
χ  gn  μλs ΡΒ  0,1   τ ⋅[[u τ

*
]] dΓ c

−∫Γ c
1− χ  gn   t c , n⋅[[ u

* ] ]ndΓ c−∫Γ c
1− χ  gn   tc , ⋅[[ u

* ] ]dΓ c=0

 

Law of contact
∫Γc

−1
 n

 λ χ g n  nd n1− χ  gn   t c , n⋅n λ*dΓ c=0  

Law of friction

 
∫Γc

μχ  gn  λs
τ

 Λ−PB 0,1   τ   Λ*dΓ c

∫Γc 1− χ  g n   Λt c ,  Λ
*dΓ c=0

 

It will be noticed that the value of λ  obtained by the law of contact is an average when the state is contacting

forces of interpenetration for the penalized law. The use of the expressions λ   or − nd n  in the equilibrium

equation should thus lead to the same result  if  it  is not that condition LBB applies only to  λ  . To have
equivalence, it would thus be necessary to defer the treatment of the LBB  on the fields of displacement for
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the penalized method. As that is not done here, the term is used  λ   for which treatment LBB is made and
one reinjects it in the equilibrium equation which thus takes into account this treatment. One could try the
same treatment for the law of friction but    is obtained like an average for slipping or adherent situations.
To reinject  this state realised on the level  of  the equilibrium equation involves  nona convergence of  the
algorithm of Newton. The difference in behavior for  λ   and     comes owing to the fact that one or not
integrates discontinuous quantities according to the contacting state contacting for  λ   and according to the
state slipping or adherent for   , but that for the state not contacting the contributions on  λ    are worthless
in the law of  contact.  One can deduce from it  that  if  there exists  a formulation penalized satisfying fully
conditions LBB for the contact, there does not exist for the moment not formulation penalized satisfying fully
conditions LBB for friction. The choice of coeffcient   in will be all the more important as a result (of strong
values being likely to display blockings for the adherent part).

2.2.3 Pure cohesive method

A pure cohesive formulation is introduced, for which the contact is managed by the coefficient of penalization
defined in the cohesive law. This differs from the behavior precedents because for a contacting point, the
tangent constraint r  obeys not a law of friction but a cohesive law, which can be then either in an elastic
phase, or in a dissipative phase. The equations correspond to the equations above with a statute of contact
=0  . It is noticed that the multipliers   and   do not intervene in the resolution. They are only used to
store the cohesive constraints in an explicit way: 

To find  u , λ , Λ ∈V 0×H×H  

∀ u* , λ* , Λ*∈V 0×H×H  

Equilibrium equation ∫
σ u : ε u* d −∫

f⋅u*d −∫Γ t
t⋅u* dΓ

−∫Γ c
t c ,n⋅〚u

*〛ndΓ c−∫Γ c
t c , ⋅〚u

*〛 dΓ c=0
 

Law of contact
∫Γc

−
1
C

 λ tc , n⋅n  λ*dΓ c=0  

Law of friction

 

∫Γc  Λt c ,  Λ
* dΓ c=0

 

2.3 Discretizations EF

One distinguishes in this part two types of discretization for the unknown factors of contact-friction. The first
consists in storing the unknown factors at the points of intersection, it acts of the old formulation which will be
the object of a later resorption. The second is the new formulation, where the storage of the unknown factors
of contact-friction is done with the nodes tops of the element relative.

2.3.1 Multipliers of contact

For the old formulation,  we had chosen like unknown factors for the contact  pressure    and the semi-
multiplier of friction  Λ  the values at the points of intersection enters the edges of the elements and the
surface of the crack. These points of intersection define a polygon not necessarily plan within an element. The
adopted method was that which consists in cutting out this polygon in triangular facets whose tops are the
points of intersection between the edges of the elements and the surface of the crack ([Error: Reference
source not found]). The approximation of the contact pressure utilizes them  ψ i , functions of form of the
triangle with 3 nodes and is written:

λh  x =∑
i=1

3

λ iψ i x   
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This  approximation  is  also  used  by  Ji  and  Dolbow  feeding-bottleError:  Reference  source  not  found for
problem of conditions to be imposed on the interface of a diphasic solid.

One could also have introduced a star cutting centered on the barycentre of the polygon evoked above, ET
that obliged to regard the barycentre as a point of contact. This idea was isolated because the extension to
the quadratic approximations was impossible.

In the new formulation, cutting in triangular facet is the same one, but the unknown factors for the contact
pressure   and the semi-multiplier of friction Λ are carried to the nodes tops of the element relative. The

approximation of the contact pressure utilizes them i , function of form of the linear element relative and is
written:

λh x =∑
i=1

nno

λ ii x   

.  The orthogonalisation will  take place only  if  the éq criterion2.3.6.1 is  satisfied.  One proposes thus with  the éq
criterion2.3.6.1 to proceed in the following way:

{
5 on ne fait rien

514 on applique l'orthogonalisation
14 le degré de liberté est éliminé

     éq 2.3.1-1 

While making kind, conditioning is brought back to 106 , which makes it possible to use a direct solvor without total
pre-conditioner. However, if  the good conditioning of the system is ensured, the errors in energy or displacement
increase  when    is  close  to  14.  Indeed,  one is  then  obliged to  reactivate  elimination  for  14  because  the

orthogonalisation makes it  possible to get correct results only if  10−15≪1  where  10−15  is the digital error in
double precision. In order to overcome this last difficulty one proposes an estimate of the local matrices of rigidity in
triple precision.
feeding-bottleError: Reference source not found
 consist in replacing the elimination of the degrees of Heaviside freedom by a orthogonalisation of the local matrices of
rigidity, idea which comes from pre-conditioner X-FEM from 
E
 put at zero in all the directions. One will notice that the behavior is not present in the criterion of rigidity of éq2.3.6.1,
the criterion having been standardized. That makes it possible to discriminate in advance the degrees of freedom to be
eliminated, without knowledge of the problem to be solved (non-linearities, plasticity, contact, etc). This criterion, very
near to a criterion of conditioning, leads us to choose values of   ranging between 8 and 10. In practice, we take a
value of   from 9.

An  analysis  of  these  various  criteria  is  made  in  feeding-bottleError:  Reference  source  not  found.  It  shows  that
eliminations  lead  to  an  absence  of  convergence  of  the  error  in  energy  on  a  simple  example  of  homogeneous
compression of a cube crossed by a tilted interface. The solution proposed
are
is 
 degrees of Heaviside freedom of the node  n  
S

with the total volume of the support of the node (meeting of gray and white volumes) in the case of a crack
(left) and of a junction (right).

If this criterion is relevant for the linear elements (triangles, tetrahedrons) with a value of   from 4, it is not satisfactory
for the multilinear elements (quadrangles, pyramids, pentahedrons, hexahedrons) and quadratic. Indeed the value of
  from 4 conduit to be eliminated from the degrees of freedom which would not owe the being, which disturbs the
solution, whereas higher values of   degrade conditioning. In order to take into account these elements, one uses a
criterion of rigidity, which is based on a comparison of rigidities of the support and either simply of volumes. For each
node whose support is cut by the level set, one looks for this support the report of rigidities of the zones of share and
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others of the level set (affected zones of a value of Heaviside being worth ±1). So in a node n  where se  are the
subelements of its support, one a:

min∑se−1
∫

 se

∥n ,X∥
2 dse ,∑se1

∫
 se

∥n ,X∥
2dse 

∑
se
∫

 se

∥n ,X∥
2d se

≤10−       éq 2.3.1-2 

where n ,X  is the derivative of the function of form to the node n  in the total direction X , then it

by report 

 put at zero in all the directions.

 

Figure 3.1-2.3-1 : illustration of the installation of the voluminal criterion. The support of the node cut by the
level set is illustrated. One compares gray and white volumes 

are
is
 of Heaviside freedom of the node  concerned 
S
S
 degree
S
 of freedom Heaviside poses problem. If the criterion is checked, the degree of freedom is eliminated by zero setting,
as in the paragraph [§Error: Reference source not found].
The principle is the same one as the voluminal criterion suggested by Daux feeding-bottleError: Reference source not
found for the junctions. The idea is to look for each node whose support is cut by the level set, the report of the sizes of
the zones of share and others of the level set on this support (affected zones of a value of Heaviside being worth ±1).
If:

min V−1 ,V1 
V support

≤10−
     é Q, 2.3.1-3 

S
with those of the figure 2.4-1.

43 3
3

3
 2  4 4

56 6
7
9
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Figure 2.3-2 : the distance to the node top nearest standardized by the length on the being worth side 10−

one shows the dependence of   number of conditioning, compared to the parameter   for the linear partly
higher and quadratic elements partly lower.

Technique of readjustment of the level set evoked in the paragraph [§Error: Reference source not found] allows to
secure this bad conditioning. While noting 10−γ  the distance from the point of intersection of the level set to the node
top nearest standardized by the length on the side, the readjustment with 1% length of edge made in the paragraph
[§Error: Reference source not found] corresponds to  γ=2 . This readjustment must act sufficiently quickly so that
conditioning is not deteriorated too much, but not for values of γ  too much weak in order not to disturb the system by
moving  in  a  nonrealistic  way  surface  of  cracking.  For  quadratic  elements  hexahedrons,  if  it  is  necessary  that

10−1592  that is to say about  10−5 , one obtains  92=10  that is to say a readjustment with 13% length of
edge. It is thus not possible in this case to reasonably activate there the readjustment of the level sets at the top, so
that conditioning is not deteriorated.
Under these conditions, one sets up a criterion allowing to detect if a degree
by 
report 
 
S
 Finally the conditioning of a total problem is generally larger than local conditioning and increases when one refines
the grid By taking into account all these considerations, one in practice obtains conditionings of an order 2 to 4 times
superior
.
 
,
 in a corner for example (on the right on the figure), one considers the rigidity of the small cube of the corner on side  
10−  instead of the small tetrahedron of the corner
E

Geometrical  enrichment  strongly  degrades the conditioning of  the matrix  of  rigidity  feeding-bottleError:  Reference
source  not  found,  feeding-bottleError:  Reference  source  not  found.  Béchet  and al.  feeding-bottleError:  Reference
source not found. propose a technique of orthogonalisation of the degrees of freedom during the calculation of the
elementary matrices of rigidity in order to improve conditioning of the assembled matrix. Laborde and al. feeding-
bottleError: Reference source not found explain that bad conditioning is due to the fact that the selected base of
enrichment does not train a free family locally. They thus propose to put only one degree of freedom for these functions
on all the zone of enrichment and to connect displacements to the limit between zones enriched and not enriched in
order to find optimal rates of convergence. The problem of conditioning is besides such as with quadratic elements it
becomes impossible to get results, without setting up one of the techniques feeding-bottleError: Reference source not
found, feeding-bottleError: Reference source not found. Indeed, for these elements, bad conditioning is due not only to
the singular part of enrichment, but also to Heaviside enrichment, when the crack passes very near to a node. One
presents the evolution amongst conditioning as the interface approaches the nodes of the grid on the figure 2.4-1, for
linear and quadratic elements respectively. The values of this figure are very approximate. On the one hand one does
not take into account the elements of the vicinity. In addition these values are obtained in a coarse way. In the case of
the cut cube

2.3.2 Conditioning related to enrichment

Conditioning, noted 10  corresponds to the relationship between largest and the smallest eigenvalue of a system to

be  reversed.  For  a  calculation  in  double  precision  with  a  digital  error  in  10−15 ,  the  relative  error  obtained  on

calculation is about 10−15 . One must thus check the condition δ9  to guarantee a digital precision about 10−6 .

Figure 2.3-3 : On the left, the “round” nodes are enriched by the “square” Heaviside function and nodes by the
singular functions (topological enrichment). On the right, the “square” nodes are enriched by the singular

functions (geometrical enrichment).
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2.3.3 Enrich by standard junction

In order to represent a crack 2 which connects on a crack 1, one uses an enrichment of type junction (see
feeding-bottleError: Reference source not found). One regards an enrichment of the Heaviside type as in the
preceding paragraph defining crack 1. Crack 2 connecting on the first, one considers the second enrichment
for this one. It is about a Heaviside function  who “is truncated” on the level of the connection. The nodes
nouveau riches are represented on Error: Reference source not found.

-1

+1

0

 

Figure 2.3-4 : Enrichment for the second crack. The round nodes are enriched by the function junction, which
is worth +1, -1.0.

The value of this function depends on the levels set normals of the 2 cracks. One considers the sign of the
level set normal of crack 1, on the side where crack 2 is defined signlsn1 fiss2  (in practice, one looks at

the sign of a point pertaining to the field of lsn1  in which crack 2 is, cf operand JUNCTION Doc. [U4.82.08]),
there is then the function of enrichment junction for the crack 2 which is written:

J 2x ={H lsn2 x si signlsn1 fiss2H lsn1x ≥0
0 sinon  

It is possible to connect a third crack on the first (for example modelling an intersection):

J 3x ={H lsn3x  si signlsn1 fiss3H lsn1x ≥0
0 sinon  

If one wishes to connect the third crack on the second, it is necessary to take account of the field of definition
of the first, one will thus have:

J 3x ={H lsn3x  si ∀ i∈[1,2] , signlsni  fiss3H lsni x ≥0
0 sinon  

If one generalizes the approach with a crack N  who connects on the cracks of a unit K , the whole of the
cracks then is defined P , which contains at the same time all the cracks of K  and all the cracks on which
possibly the cracks connect of K . The function junction is written then in a general way:
   

J N  x={H lsnN x  si ∀ i∈P , signlsni fissnH lsni x ≥0
0 sinon  
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An example of configuration is presented  Error: Reference source not found. On this example one builds a

tree of connectivity of the cracks. One deduces from this tree that for N=3 , one has K=2  and P=[1,2 ] .
In  the  same  way  for  N=5 ,  one  deduces   K=[3,4 ]  and  P=[1,2 ,3,4 ] .  Thus  one  has
J 5x=H lsn5x  on the hatched field from the figure, and zero elsewhere.

 

1

2 3 4

5

1

2
4

3

5

 

Figure 2.3-5 : Network of cracks on the left, tree of hierarchy on the right, the shaded zone corresponds to the
field where the function of enrichment of crack 5 is not worthless.

2.3.4 Enrichment with the singular functions (3ème term)

In order to represent the singularity in bottom of crack, one enriches the approximation with functions based
on the  asymptotic  developments by the field  of  displacement  in  elastic  breaking process linear  feeding-
bottleError: Reference source not found. These expressions were given for a plane crack in infinite medium.

u1=
1
2  r2  K1cos



2
−cos K2sin



2
 κ2cos  

u2=
1
2  r2 K 1sin



2
 κ−cosK 2 cos



2
 κ−2cos 

u3=
1
2  r2 K 3sin



2

=
E
21 

et =3−4 en déformations planes .

éq. 2.3.4-1

The assumption of plane constraints cannot be retained because no fissured plate is in situation of plane
constraints in the vicinity of the singularity, when one places oneself at a finite distance from the skin of the
hull.

The base making it possible to describe these fields comprises 4 functions:

{ r cos
θ
2
,  r cos

θ
2

cosθ , r sin
θ
2
, r sin

θ
2

cosθ } .

Like:

{cos
θ
2

cosθ=−sin θ sin
θ
2
cos

θ
2

sin
θ
2

cosθ=sin θ cos
θ
2
−sin

θ
2
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the following base then is chosen3 :

F={ r sin
θ
2
,  r cos

θ
2
, r sin

θ
2

sin θ ,  r cos
θ
2

sin θ} .

where  r ,θ   are the polar coordinates in the local base at the bottom of crack (see Error: Reference source
not found and Error: Reference source not found).
These coordinates can be expressed easily thanks to the level sets, since:

r= lsn ²lst ² , θ=arctan  lsnlst  , θ∈[−π
2
,
π
2 ]  

In practice, the computing function rather is used atan2  lsn ,lst   who returns the principal value of the 
argument of the complex number  lst , lsn   expressed in radians in the interval [−π ,π ] .

For points being located exactly on the lower lip   lsn=0  , the function  atan2  0, lst   give a being worth
angle π . In theory, atan2 −0,lst   allows to obtain −π  as expected, but it is not numerically always the
case. For stage this disadvantage, one rather uses the following expression for the angle θ  :

θ=H  lsn ∣atan 2  lsn , lst ∣, θ∈ [−π ,π ]  
where H  lsn  is the value of the Heaviside function. Thus, when one is on the lower lip, the value −π  is
well reached.
 

 

Figure 2.3-6 : Polar coordinates in the local base

It is noted that only the 1era function of the base is discontinuous through the crack. The other functions are
added only to improve the precision. These functions are the solutions of Westergaard, analytical asymptotic
solutions of an elastic problem of rupture in 2D. This base is well adapted to the cases 3D feeding-bottle3
feeding-bottleError: Reference source not found, at least for the cracks whose bottom is rather regular. These
functions are known as “singular” because their derivative are singular in r=0 .

3  For non-linear laws of behavior, this choice is preserved, although this base does not make it possible to find the
exact solution of the problem.
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Figure 2.3-7 : Functions of enrichment in bottom of crack
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Figure 2.3-8 : Derived from the functions of enrichment

ck
  are the degrees of freedom nouveau riches. L  is the whole of the nodes whose support is partially cut

by the bottom of crack (nodes represented by a square on Error: Reference source not found). That means
that  only  one  lays  down  elements  is  enriched  around  the  bottom  by  crack.  This  enrichment  is  called
“topological”.

2.3.5 Geometrical enrichment

As  of  the  first  papers  on  X-FEM  feeding-bottleError:  Reference  source  not  found,  it  is  notified  that  a
geometrical criterion rmax  can be defined to determine the nodes nouveau riches by the singular functions
(see Error: Reference source not found):

L={noeuds tels que rrmax }  
The  first  studies  of  convergence  were  carried  out  in  2000  within  the  framework  of  the  GFEM feeding-
bottleError: Reference source not found, with taking into account of several layers of elements nouveau riches
in bottom of crack.

When convergence is studied,  one is interested in the evolution of  the error compared to the degree of
refinement of the grid. Generally, one indicates by h  a length characteristic of the elements of the grid, and
one seeks to determine the parameter α  called rate (or speed or order) of convergence, such as the relative

error erel  form is written:

erel=∥u−uh∥H 1 ≈
h0

Chα
 

where C  is a constant independent of h .
Since

log erel≈ logCα log h  

the parameter  α  seems the slope of  the right-hand side  log erel  according to  log h  when  h  tends
towards 0.

Stazi et al. feeding-bottleError: Reference source not found study the convergence of the error in energy for
an infinite  plate  with  a right  crack,  in  mode I,  for linear  and quadratic  formulations.  He notices that  the
quadratic one improves the error, but not the rate of convergence. Béchet et al. feeding-bottleError: Reference
source not found confirm this observation and shows that a fixed zone of enrichment makes it possible to find
an almost optimal rate of convergence.

In parallel, Laborde et al. feeding-bottleError: Reference source not found the question deepens, and tests the
rates of convergence for the polynomial formulations of a higher nature. Moreover, he makes improvements in
order to find an optimal rate, even supra a convergence. Error: Reference source not found gather the results
got  by  Laborde  for  various  alternatives  of  X-FEM,  and  this  for  polynomial  approximations  of  degree
k=1,2 ,3 .

FEM X-FEM X-FEM (F. A.) X-FEM (D.G.) X-FEM (token
entry)

P1 0.5 0.5 0.9 0.5 1.1
P2 0.5 0.5 1.8 1.5 2.2
P3 0.5 0.5 2.6 2.6 3.3

Table 2.3.5-1 : Order of convergence of the various alternatives of X-FEM

The first  column corresponds to  the orders  of  convergence  of  the  classical  finite  element  method for  a
problem of cracking. Taking into account the singularity, the speed of convergence is in   h  whatever the
degree  k . The simulations 2D carried out on a test problem: rectilinear crack on a square in mode I of
opening shows that X-FEM does not improve the rate of convergence. This can be explained by the fact why
topological enrichment relates to only one lay down elements in bottom of crack. The zone of influence of this
enrichment is thus strongly related to h . Thus, when h  tends towards 0, the size of the zone of influence of
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enrichment  also  tends  towards  0.  The  idea  which  seems natural  is  then  more  not  to  limit  the  zone  of
enrichment  to  only one lay down elements,  but  to extend it  to a zone of  fixed size,  independent  of  the
refinement of the grid. 3ème column of  Error: Reference source not found present the results got with this
method known as X-FEM F. A. (for Fixed enrichment Area). One finds almost the hoped rates of convergence
( α=k  for an approximation Pk ). However, conditioning is degraded compared to usual method X-FEM. In
order to find an acceptable conditioning, Laborde proposes to gather the degrees of freedom nouveau riches
by the singular functions. In light, instead of having ddls different nouveau riches for each enriched node, they
are globalized in order to have of them only one by singular function and end of crack (but in 3D, one does not
see well how it goes). With this arrangement, conditioning is largely improved, but the rates of convergence
are weaker (X-FEM D.G.). The problem comes from the transition metals between the enriched zone and
zones it not-enriched. According to Laborde, the phenomenon is explained by the effect of the partition of the
unit which cannot be used on these elements partially nouveau riches. To mitigate this defect, an ultimate
version is proposed: X-FEM token entry (for Pointwise Matching). The displacement of the nodes on the
border  between the enriched zone and zones it  not-enriched are imposed equal.  Thanks to  this sticking
together, hoped rates of convergence are obtained (even a light super-convergence).

Notice :

For the approximation polynomial of degree 2,3k   , Laborde and al. feeding-bottleError: Reference
source not found as much of others uses functions of form of degree  k  for the classical terms and
nouveau riches by Heaviside, so that the jump is of degree  k  . On the other hand, for the terms
nouveau riches by the singular functions, it is enough to use the linear functions of form to collect the
singularity in bottom of crack and step to deteriorate the conditioning of the matrices too much. 

Currently, in  Code_Aster, only an approximation of degree 1 is possible, and the fact of informing or not a
value of  ray for the zone of  enrichment (keyword  RAYON_ENRI)  allows to place itself  respectively within
framework X-FEM (F. A.) or classical X-FEM.

2.3.6 Enrichment in Code_Aster

2.3.6.1 Enrichment (statute) of the nodes

To know if  a node is enriched by the Heaviside function (node of the type “Heaviside) or by the singular
functions (node of type “ace-tip”), one calculates the min and the max of the level set normal on all the nodes
belonging to the support of the node (the concept of “support” is defined in the paragraph [§Error: Reference
source not found]), and one calculates the min and max of the level set tangent on all the points belonging to
the support of the node considered where the level set normal is cancelled.

j∈K⇔ min
x∈N n j 

 lsn x  max
x∈N n  j 

 lsn x  0 et  max
x∈N n  j ∩lsn x =0

lst  x 0
k∈L⇔ min

x∈Nn  j 
 lsn x  max

x∈N n j 
lsn x ≤0 et  min

x∈N n  j ∩lsn  x =0
 lst  x   max

x∈N n  j ∩lsn x =0
 lst  x  ≤0

 

Similar ideas appear in feeding-bottleError: Reference source not found, but it would seem that certain cases
were  not  taken  into  account.  These  expressions  are  the  result  of  the  first  efforts  feeding-bottleError:
Reference source not found who aimed at determining the types of enrichment only using the level sets. The
reader will find there the figures corresponding explanatory.

In the case of a geometrical enrichment in bottom of crack, the selection criteria of the nodes is the following:

k∈L⇔ lsn  x  ²lst  x  ²≤rmax  

Concerning the choice of the value of the ray of enrichment, nothing is clearly indicated in the literature. It
would seem however that a being worth ray enters 1/5  and 1/10  length of the crack is a relevant choice.

Recent  studies  showed that  geometrical  enrichment  strongly  degrading the conditioning of  the matrix  of
rigidity, it had to be limited in a zone restricted around the bottom of crack, in waiting of treatment making it
possible to improve conditioning.  One proposes an alternative,  which is halfway between topological  and
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geometrical enrichment: an enrichment on n  feeding-bottle layersError: Reference source not found. In this

case, one is calculated rmax  (single for each crack) according to the user datum amongst layers, then the
preceding formula is applied.
     
Algorithm of choice of the enrichment of the nodes:

That is to say MAFIS  the whole of the meshs on which the level set normal is cancelled
     

 
•buckle on all the nodes P  grid
 

initialization of the max and min of the level sets

•buckle on the meshs of MAFIS  containing the node P
 

•buckle on the edges of the mesh

are A  and B  two ends of the segment

if lsn A =0  then

actualization so necessary of maxlst  and minlst  with lst A 
end if
if lsn B =0  then

actualization so necessary of maxlst  and minlst  with lst B 
end if
if lsn  A lsn  B 0  then

C=A−
lsn A

lsn B −lsn A
B−A éq. 2.3.6.1-1

actualization so necessary of maxlst  and minlst  with lst C 
end if

•fine buckles

•buckle on the nodes tops of the mesh

actualization so necessary of maxlsn  and minlsn

•fine buckles

•fine buckles

if minlsn .maxlsn0  and maxlst≤0  then P∈K

topological case of enrichment
if minlsn .maxlsn≤0  and minlst .maxlst≤0  then P∈L

geometrical case of enrichment:

if  lsn P 
2
lst P 

2
≤rmax

 then P∈L

•fine buckles
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To obtain the equation [éq.  3.2  - 2],  as well  as the value of  the level  set  tangent at  the point  C ,  the
curvilinear X-coordinate as a preliminary is determined s  such as

C=As B−A   
thanks to the fact that the level set normal is cancelled in C , that is to say

lsn C =lsn A s lsn B −lsn  A =0  

One from of deduced the expression from the point C  as well as the value of the level set tangent in C  :

lst C =lst A s  lst B −lst A  

=lst A −
lsn A 

lsn B −lsn A 
lst B −lst A  

 

     
Notice :

The same node can belong to the units K  and L  . 

2.3.6.2 Enrichment (statute) of the meshs

In Code_Aster, it is necessary to define types of precise finite elements, and not to multiply the number of the
possibilities, the choice was made to define 3 types of finite elements X-FEM: the elements “Heaviside”,
elements “ace-tip” and the elements mixed “Heaviside and ace-tip”.
If the mesh has at least a node of the type “Heaviside”, then it is a mesh “Heaviside”.
If the mesh has at least a node of type “ace-tip”, then it is a mesh “ace-tip”.
If the mesh has at least a node “Heaviside” and at least a node “ace-tip”, or if the mesh contains at least a
node “Heaviside and ace-tip”, then it is a mesh “Heaviside and ace-tip”.

Let us note GRMAEN1  the meshs “Heaviside”, GRMAEN2  meshs “ace-tip” and GRMAEN3  the meshs
“Heaviside and ace-tip”.
That is to say the mesh i , and Ni  the whole of the nodes j  mesh i .

si ∃ j∈Ni , tel que j∈K  alors i∈GRMAEN 1
si ∃ j∈Ni , tel que j∈L  alors i∈GRMAEN 2

si ∃ j , k ∈Ni2 , tels que j∈K et k∈L  ou ∃ j∈Ni , tel que j∈K∩L  alors i∈GRMAEN 3
 

It is noticed that all the nodes of an element will be affected same characteristics and same enrichment, but it
is not inevitably what is desired. It is thus necessary to cancel the degrees of freedom nouveau riches “in
excess”.

2.3.6.3 Cancellation of the degrees of freedom nouveau riches “in excess”

One saw in the preceding paragraph which a mesh of the type “Heaviside” can comprise for example one
node of the type “Heaviside”, other nodes of the mesh being classical nodes not requiring any enrichment.
However these nodes will be affected degrees of freedom of the mesh “Heaviside”, therefore of degrees of
freedom nouveau riches. Consequently, it is necessary to wrongly carry out a cancellation of these degrees of
freedom nouveau riches.

Several cases arise:
•degrees of Heaviside freedom to be cancelled with the classical nodes of a mesh Heaviside or mixed
•degrees of freedom ace-tip to be cancelled with the classical nodes of a mesh ace-tip or mixed
•degrees of Heaviside freedom to be cancelled with the nodes ace-tip of a mixed mesh
•degrees of freedom ace-tip to be cancelled with the Heaviside nodes of a mixed mesh.

The technique of cancellation of these degrees of freedom is explained in the paragraph [§Error: Reference
source not found].

 
S other meshs of the group for each adjacent element. For each mesh one stores one indicator of orientation mesh
which is worth “+1” if the orientation of its normal is coherent with that of the mesh of gradually built reference and “-1”
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if not. That makes it possible to affect the good sign of the value of the level set normal  by multiplying its value not
corrected by the indicator of orientation (see calculation algorithm of lsn  in 3D below).

Calculation algorithm of the indicator of orientation mesh:
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• creation of the vector I  “indicating of orientation” and the vector C  containing the number of layer to

which each element of GROUP_MA_FISS belongs. The size of the two vectors is equal to the number
of elements n  of GROUP_MA_FISS

• one puts at the zero all elements of the two vectors I  and C , except the first element to which one

affects value +1
• buckle i  on the number of the layer (vector C ), of 1 with n

• buckle j  on the elements of the vector C , of 1 with n
• one recovers the number of the layer to which the element j  belongs: ncouche=C  j 
• if ncouche=i , i.e. the element j  belongs to the current layer i :
• the normal is calculated n j  with the element j  (one calculates the normal with the triangle

formed by the first three nodes defining the element)
• buckle nel  on the elements which in common have at least a node with the element j
• if the element nel  does not belong to any layer ( C nel=0 ), one assigns the number of the

courante+1  layer  to  him  ( C nel=i1 ),  one  calculates  the  normal  of  it  nnel
 and  the

indicator of orientation: I nel=sign  I  j⋅nnel
⋅n j 

• fine buckles
• end if
• fine buckles

•  fine buckles

Calculation algorithm of lsn  in 3D:

•buckle on all the nodes P  grid
 
initialization of dmin

•buckle  on the triangular  meshs of  GROUP_MA_FISS (with  subdivision  of  the quadrangles  in
triangles)

are A , B  and C  tops of the triangle

calculation of the normal to the mesh: N=AB∧AC
calculation of M , project of P  in the plan ABC
if M  apart from the triangle ABC , one brings back M  on one of the right-hand sides
AB   AC   BC 
if M still apart from the triangle ABC , one brings back M  in A  B  or C
it is recoveredindicator of orientation I  normal of the mesh

if PMdmin  then dmin=PM  and lsn  P =I⋅PM⋅N

•fine buckles

•fine buckles

The  subdivision  of  a  quadrangle  in  triangles  makes  it  possible  to  be  brought  back  to  an  approximate
calculation of projection in a linear case (because the functions of form of the quadrangle are bilinear whereas
those of the triangle are linear). Moreover, there exist 2 ways of carrying out such a cutting (according to the
selected diagonal).  All  the possible cases are thus generated,  as it  is  made in the paragraph [§2.3.3] of
feeding-bottleError: Reference source not found.
 
The calculation of projection within the framework of the search for pairing of the nodes of contact for the
method continues does not use this kind of algorithm, but solves the non-linear problem of projection on a
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quadrangle  by the method  of  Newton.  One could  be inspired some for  calculation  by the  level  sets  by
projection.

2.3.6.4 Calculation of the level set normal in 2D
 
In 2D, one starts by reorganizing the meshs of GROUP_MA_FISS to have a series of contiguous meshs. Two
vectors will be stored, the list of the ordered meshs and lists it of their orientation, which one will call here
LIMA  and ORI .

Algorithm of sorting of GROUP_MA_FISS :

Initialization of the first mesh M, first mesh of GROUP_MA_FISS. One has LIMA 1=M  and ORI 1=1 .
The Boolean one is initialized FINFIS  who tests if one is at the end of the crack, FINFIS  initialized with
FALSE .

•buckle of research of the following mesh LIMA k   as long as FINFIS=FALSE
if ORI k−1=1 , calculation of N  node 2 of LIMA k−1
if ORI k−1=0 , calculation of N  node 1 of LIMA k−1
FINFIS=TRUE  

•buckle on the meshs M  of GROUP_MA_FISS, as long as FINFIS=TRUE
Calculation of node 1 and node 2 of M , N1  and N2
if N1=N , ORI k =1  and LIMA k =M , FINFIS=FALSE
if N2=N , ORI k =0  and LIMA k =M , FINFIS=FALSE
(left loop when one finds a mesh following)

•fine buckles
(left loop if one did not find of following mesh because one is at the end of the crack)

•end of loop

 

Figure 2.3-9 : Orientation of the following mesh

The first identified mesh being able to be unspecified any mesh inside the crack, one carries out a shift of the
found list of the full number of mesh NBMAF  less the number of found meshs k  in order to have a list
which finishes on the mesh of end of found crack. One thus obtains a vector with nonaffected components at
the head which represent the not yet indexed meshs and a part filled on the end of the vector corresponding
to the meshs directed previously stored. 

•buckle of research of the preceding mesh LIMA k   as long as FINFIS=FALSE  ( k  decreasing)

if ORI k1=1 , calculation of N  node 1 of LIMA k1
if ORI k1=0 , calculation of N  node 2 of LIMA k1
FINFIS=TRUE  

•buckle on the meshs M  of GROUP_MA_FISS, as long as FINFIS=TRUE
Calculation of node 1 and node 2 of M , N1  and N2
If N1=N , ORI k =0  and LIMA k =M , FINFIS=FALSE
If N2=N , ORI k =1  and LIMA k =M , FINFIS=FALSE
(left loop when one finds a mesh preceding)
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•fine buckles
(left loop if one did not find of preceding mesh, because one is at the end of the crack)

•end of loop
   

 

Figure 2.3-10 : Orientation of the preceding mesh

Calculation algorithm of lsn  in 2D:

•buckle on all the nodes P  grid
initialization of dmin
•buckle on the linear meshs of LIMA 

are A , B  tops of the segment if ORI=1  and B , A  if ORI=0
calculation of M , project of P  on the line AB
if M  apart from the segment AB , one brings back M  in A  or B
•if PMdmin

dmin=PM  and 

 lsn=PM P . sign AB ,AP   
where M P  is the project of P  on AB  (possibly apart from AB )

if ORI=0 , lsn=−lsn
•end if

•fine buckles
•fine buckles
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2.3.7 Calculation of the level set tangent (lst)

For each node of the grid, one seeks the mesh of GROUP_MA_FOND nearest to this node. For that, one uses
the algorithm of projection on a segment (see the paragraph [§2.3.1] of feeding-bottleError: Reference source
not found). The value of lst  is then the normal distance from this point to the segment.
Just as previously, the determination of the normal to the segment is not obvious a priori. To calculate it, it is
initially necessary to find the mesh surface of GROUP_MA_FISS who borders it.

Calculation algorithm of lst  in 3D:

•buckle on all the nodes P  grid
 

initialization of dmin

•buckle on the segments of GROUP_MA_FOND
 

that is to say A  and B  two ends of the segment

•buckle on all the meshs of GROUP_MA_FISS

•if A  and B  belong to this mesh then
that is to say C  a node of the mesh other than A  and B
calculation of the normal to this mesh 
(càd the normal with the plan of crack): N=AB∧AC
calculation of the normal at the bottom of crack in the plan of the crack:

N '=AB∧N  

Checking of the direction of N '
That is to say M  the projection of P  on AB 
If M  is apart from [AB ] , one brings back it in A  or B
If PMdmin  then dmin=PM  and lst P =PM⋅N '

•end if

•fine buckles

•fine buckles

•fine buckles

Notice :

During projection of P  on the segments AB  bottom of crack, it possible that all is projected M  find
themselves out of segment considered. In this, case, the fact of bringing back M on the edge is not a
sufficient criterion to determine the segment nearest (see  Error: Reference source not found ). One
proposes to choose the segment nearest as that where the project the least was folded back. With the
notations above, if one calls M ’  the folded back point (not B  on Error: Reference source not found ,
then one seeks the segment for which the angle  =MPM ’  is smallest. It is noted that in a case
without folding back (when the project falls into the segment), this angle is null. This additional test is
introduced for the choice of the segment nearest. 
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Figure 2.3-11 : Calculation of the level set tangent

 

Figure 2.3-12 : Additional criterion for the choice of the segment nearest

Calculation algorithm of lst  in 2D:

•buckle on all the nodes P  grid

initialization of dmin

•buckle on meshs not A of GROUP_MA_FOND

•buckle on all the meshs of GROUP_MA_FISS

•if A  belongs to this mesh then
that is to say B  the second node of the mesh
that is to say M  the projection of P  on AB 
calculation of   such as AM=×AB
if AMdmin  then dmin=AM  and lst=−×AB

•finsi

•fine buckles

•fine buckles
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•fine buckles
    

2.3.8 Approximation of the level sets

Some is the method of calculating used (by analytical functions or projection), the fields of the level sets are
interpolated  by  the  linear  functions  of  form  used  for  the  approximation  of  the  field  of  feeding-bottle
displacementError: Reference source not found :

lsn  x =∑
i

i  x lsni

lst  x =∑
i

i  x lst i
 

where i  are the classical linear functions of form and lsni  and lst i  nodal values of the fields level sets.
On a tetrahedron with 4 nodes the surface of the crack will be thus a plan, but on a hexahedron with 8 nodes,
it could be slightly curved.

The error of discretization of the level sets is directly dependent in keeping with grid and with the curve of the 
level set. Let us examine the following example, bringing into play a crack curves in 2D:
That is to say the level set is the ellipse of equation:

x2 y
0 .5 

2

=1  

The  distance  to  the  ellipse  is  calculated  of  each  of  the  4  nodes  of  the  quadrangle  defined  by

 x , y ∈[0 .4,0 .9 ]×[ 0,0 .5 ] . That is to say P  a given point of the space of cordonnées  x p , y p  . That is
to say  H  its projection on the ellipse previously definite.  H  has as coordinates   acosθ ,b sin θ  . The
equation of the right-hand side  HP   is the following one:

y=
a sin θ
bcosθ

xb sin θ 1−a 2

b2   

This equation of unknown factor numerically is solved θ  for each node of the quadrangle and one from of
deduced the distance to the ellipse:

dist=  x p−acos θ 
2
 y p−b sin θ 

2  

The approximation of the level set is written then on this quadrangle:

lsnh  x , y =−0.443471  x , y −0.12  x , y 0.222273  x , y 0.0408064  x , y   

where i i=1,4  are the functions of form associated with the nodes with the quadrangle. These functions is

expressed  using  N i ,  classical  functions  of  form  on  the  quadrangle  of  reference,  and  the  changes  of

variables between the real coordinates  x , y   and coordinates of reference  s ,t  .

1  x , y =N 1  s x , y ,t x , y  =
1
4

 1−s  1−t 

2  x , y =N 2  s x , y  , t x , y =1
4

1s   1−t 

3  x , y =N 3  s x , y ,t x , y =
1
4

 1s  1t 

4  x , y =N 4  s  x , y , t x , y  =1
4

 1−s  1t 

 

with the following changes of variables:
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s  x , y =4 x−2.6
t  x , y =4 y−1

 

    
On Error: Reference source not found, one represented in dotted projections on the ellipse of each node. It is
observed that the Iso-zero of the level set interpolated with the functions of form of the quadrangle is rather far
away from the initial ellipse.

 

Figure 2.3-13 : Error of discretization of the level set

2.3.9 Readjustment of the level sets

In order to limit  the problems of integration when the crack passes “close” from a node, a procedure of
readjustment of the level set normal is installation. So on an edge of the grid, lsn  cancel yourself too much
“close” of a node end, the value of lsn  in this node is put at zero. The criterion used for the moment is 1%
length of the edge. This value is that used by the software developed by the team of Nicolas Moës to GeM
(see the paragraph [§ 1.3.2.3] of feeding-bottleError: Reference source not found).
The readjustment of the level set of the node medium is not systematic on an edge whose level set normals of
the ends were put at zero. The criterion is fixed for the moment at 0.0001 (it will be the object of a thorough
research  because  one  can  show that  during  the  treatment  of  the  contact  with  quadratic  elements,  the
algorithm of readjustment (with various criteria) and the suppression of the ddl in excess are insufficient with
obtaining a good conditioning of the matrix).

Algorithm of readjustment of the level set normal:

•buckle on the meshs

•buckle on the edges of the mesh, ends A  and B

if lsn  A≠lsn B 

d=
lsn  A

lsn A−lsn B 
 

if ∣d∣≤0 .01  then lsn A =0  end if
if ∣d−1∣≤0 .01  then lsn B =0  end if

end if

if quadratic element
if lsn A =0  and lsn B =0  then 
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d=lsnM   
if ∣d∣≤0 .0001  then lsnM =0  end if

end if
end if

   
•fine buckles

      
•fine buckles

2.3.10 Concept of true signed distance

If the level sets are calculated by analytical functions, the choice of the functions is not single for the same
geometry of crack. Indeed, any function with positive values on a side and negative values of the other is
valid. However, if one then wishes that the level set represents the true signed distance, the choice is single.
This concept is important thereafter when one defines the coordinates in the local base in the bottom of crack
using the values of the level sets. It is thus necessary to take care to give the exact formula of the distance to
the crack (expression who is not easy for geometries of complex cracks).

One of the interests of the method by projection is that it provides a field which is the true signed distance.
One could thus also plan to combine the two methods. The data of a simple analytical function would initially
make it possible to determine the Iso-zero; then to create a simplified grid of this surface, which would be
used as support with the method by projection. The disadvantage is to create a virtual grid 2D crack which
east disjoins grid real 3D.

If not, one could also consider a phase of orthogonalisation which transforms an unspecified level set into a
true distance feeding-bottleError: Reference source not found.

2.3.11 Multi-cracking

The level  sets  are  defined  for  each  crack  by  the  operator  DEFI_FISS_XFEM.  The  list  of  the  cracks  is
necessary for  the  creation  of  finite  elements X-FEM (operator  MODI_MODELE_XFEM).  During  this  phase,
“concaténés” fields are created. For example, one created a field of level total set normal to all the cracks. For
each node (fields with the nodes) or each mesh (fields by element),  one will  seek information associated
with the crack nearest.

The fields with the “concaténés” nodes created are:
•Level set normal,
•Level set tangent,
•Statute of the nodes (see §Error: Reference source not found ), 
•Base local at the bottom of crack (see §Error: Reference source not found ). 

The fields by “concaténés” elements created are:
•Those dregs with under-DEC oupage (see § Error: Reference source not found ), 
•Those dregs with the structures of data for the contact (see §Error: Reference source not found ). 

Concerning the propagation [§Error:  Reference source not  found],  one can define several  cracks on the
model  and  one  can  give  the  list  of  the  cracks  which  are  propagated:  with  each  call  of  the  operator
PROPA_FISS, all the cracks given is propagated.

Restrictions:
The cracks must be suffisamment spaced one of the other (3 meshs without cracks must at least separate
them). A fortiori, the cracks should not cross either. If not, the introduction of special enrichments is necessary
feeding-bottleError: Reference source not found.

2.4 Base local at the bottom of crack
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The gradients of the level sets can be used to define the local base in the bottom of crack feeding-bottleError:
Reference source not found feeding-bottle3.
  
The gradients are given thanks to the derivative of the functions of forms and the nodal values of the level
sets.

{
∇ lsn j

elt
=∑

i

i , j lsni

∇ lst j
elt=∑

i

i , j lst i

j=1,3  

where them i , j  are the derivative of the functions of form compared to the direction j .
One thus determines a  field  of  gradients  by element.  The values are  calculated with  the nodes of  the
elements, for each element independently of the others; then to calculate the nodal value one average on the
values obtained by elements with the nodes.

The local base at the bottom of crack {e1 , e2 , e3}  is calculated then in any point thanks to the fields of nodal
gradients:

 e1=

∑
i

i∇ lst i

∥∑
i

i∇ lst i∥
, e2=

∑
i

i ∇ lsni

∥∑
i

i ∇ lsni∥
, e3=e1×e2  

where ∇ lsni  and ∇ lst i  are the nodal values of the gradients.
    

 

Figure 2.4-1 : Base local at the bottom of crack

In 2D one will only have:

e1=

∑
i

i∇ lst i

∥∑
i

i∇ lst i∥
, e2=

∑
i

i ∇ lsni

∥∑
i

i ∇ lsni∥
 

2.5 Determination of the bottom of crack

The bottom of crack is defined by the intersection of the Iso-zero of both level sets. For the calculation of the
stress intensity factors (Stress Intensity Factors in English), it is practical to define points belonging to the
bottom of  crack,  which will  be used as a basis  for the interpolation of  SIFs (see the paragraph [§Error:
Reference source not found]).
The selected points are the intersections of the faces of the elements with the curve lsn=0∩lst=0 . These
points will be then ordered so as to define a curvilinear X-coordinate along the bottom of crack.

2.5.1 Research of the points of the bottom of crack
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The research of the points of the bottom of crack is done in the manner following. One restricts oneself with
the elements where the level set normal changes sign and where all the nodes are statutes “Ace-Tip” (this
concept is defined in the paragraph [§Error: Reference source not found]).
That is to say a face of such an element, if this face is a quadrangle, one is brought back to two triangles.
That is to say the triangle ABC
  

  

Figure 2.5-1 : Face of an element intersected by the bottom of crack

The point is sought M  solution of the following system:

{lsnM =0
lst M =0

 

The point is written M  in the reference mark  A ,AB ,AC 
M=A1

AB2
AC  

The system is written then

{ 1−1−2 lsn A1lsn B2 lsnC =0

 1−1−2 lst  A1 lst B2 lst C =0

⇔{1

2
}=[ lsnB−lsnA lsnC −lsn A

lst B−lsn A lst C −lsnA ]
−1

{−lsnA
−lst A }

The point M  is retained provided it belongs to the triangle ABC .

In 2D, one uses the same process but directly on the meshs and not on the faces of the meshs (always of the
triangles or many quadrangles cut out in triangles).
 
Notice :

Even when one restricts oneself with the elements where the level set normal changes sign and where
all  the  nodes  are  of  type  “Ace-Tip”,  one  cannot  be  sure  that  the  system is  invertible.  One  could
already limit  oneself  to the triangular faces where the level sets change sign in the broad sense (0
included), but that would not eliminate all the cases from null determinant. Indeed, when the trace of the
bottom of crack on the triangular face is a curve, the system admits an infinity of solution. This case is
not detectable a priori, and only a test on the not-nullity of the determinant makes it possible to be freed
from such cases. Thus, so on a face the determinant is null numerically, one does not determine a point
of the bottom of crack on this face. If there are some (inevitably an infinity), the two points solution on
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the edges of the face are then determined by another face of the element in question about which the
determinant is not-no one.

2.5.2 Orientation of the bottom of crack

Once the list of the points M i  defined, a point of origin is given A∈{M i} , and a vector n  attache at a

point O .

For each point M i  (except A ), one projects M i  on the plan   of normal n  passing by A . That is to

say H i  this project:

H i=M i− AM i⋅n

∥n∥  n  

The angle θ i  thus defined is then calculated:

i=OA ,OH i =cos−1 OA⋅OH i

∥OA∥∥OH i∥  

Then one brings back θ i  between 0 and 2 . 

The points of the bottom of crack are then sorted according to the order ascending of the angles  i . A
curvilinear X-coordinate can be then defined.

 

Figure 2.5-2 : Orientation of the bottom of crack

Notice :

If the bottom of crack is helical on more than one lathe, this process of sorting is ineffective.

In 2D, it is not necessary to direct the basic meshs from crack, meshs points 1 or 2.
 

2.5.3 Multiple Fund of crack

In 3D, the bottom of crack is a line either closed (crack not emerging), or opening (emerging crack). In most
case, the bottom of crack is a continuous line, like that of the circular crack represented on Error: Reference
source not found.
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Figure 2.5-3 : Case of a continuous bottom of crack

However, it can happen that the bottom of crack is in fact made up of several discontinuous pieces. It is the
case for example circular crack represented on Error: Reference source not found. In this case, one always
speaks  bottom of crack, like the whole of the pieces of the bottom. It is said that the bottom of crack is a
multiple bottom. On the example of Error: Reference source not found, the bottom of crack is composed of
the curved lines BC  , DE  , FG   and HA .

 

Figure 2.5-4 : Case of a multiple bottom of crack

In order to take into account the cracks having a multiple bottom, one will locate the starting and arrival points
of the basic pieces.
During the research of the points of the bottom of crack inside the ABC triangle (see Error: Reference source
not found), one tests the number of voluminal elements which have the triangle mentioned in common above:
if it is equal to 1, the triangle is located on an edge of the model, and one then locates the point of the bottom
of crack belonging to the triangle like a point of edge. 

Once them n  basic points of crack directed:
•It is checked that item 1 and the point n  are points of edge
•One course points i basic of crack ( 1in )

•If i=2  one searches a point of end of crack
•If i  is a point of edge:

•If one searches a point of end of crack:
•One stores i  like point of end of crack
•It is checked that i1  is a point of edge
•One searches from now on a point of beginning of crack

•If one searches a point of beginning of crack:
•One stores i  like a point of beginning of crack
•One searches from now on a point of end of crack
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•Fin Si
•Fin Si

•Fine buckles

Error: Reference source not found illustrate the discretization of a multiple bottom of crack (including two
pieces). The first piece is composed of items 1 to 5 and the second piece is made up is items 6 to 10.

 

Figure 2.5-5 : Multiple Fund of crack

Notice :
This process is useful only in 3D. Indeed, in 2D, each point of the bottom of crack represents with him
only a bottom.
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3 Problem of cracking with X-FEM

3.1 Problem general

In this part, one points out the equations of the problem general of a fissured structure. A crack is considered
c  in a field ∈ℜ

3  delimited by ∂  of external normal next . The lips of the crack are noted 
1  and


2  external normals n1  and n2 . The displacement and stress fields are respectively noted   and u .

A quasi-static loading is imposed on the structure via a density of voluminal forces f , of a density of surface
forces t  on Γ t  and of a density of surface forces g  on the lips. The solid is embedded on Γ u .

 

Figure 3.1-1 : Notations of the problem general

The strong form of the equilibrium equations and the boundary conditions is written:

∇⋅= f dans 
⋅next=t sur  t

⋅n1
=g sur 

1

⋅n2=g sur 2

u=0 sur u

éq 3.1-1

We place  ourselves  within  the framework  of  small  deformations  and small  displacements,  for  which  the
relation deformation-displacements is written:

= u=∇ su éq 3.1-2

where ∇ s  is the symmetrical part of the gradient and  the tensor of the deformations.

A linear elastic material is considered4. The law of behavior of the solid   is written:

σ=C :ε dans  éq 3.1-3

where C  is the tensor of Hooke.

The principle of virtual work is written:

4  For a non-linear material, nothing changes in the formulation presented here. Only the calculation of the constraints
according to the deformations and the internal variables changes, which is transparent in this document.
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∫
σ u : ε v d=∫

f⋅vd∫Γt
t⋅vdΓ∫Γ c

g⋅vdΓ ∀ v∈H 0
1   éq 3.1-4

where  H 0
1    is the space of  Sobolev of  the functions whose derivative is of square integrable, being

cancelled on ∂ .

3.2 Enrichment of the approximation of displacement

The principal idea is to enrich the base by the functions of interpolation thanks to the partition of the unit
feeding-bottleError: Reference source not found. The classical approximation finite elements is pointed out:

uh  x = ∑
i∈N n  x 

a ii  x   

where them a i  are the degrees of freedom of displacement to node I and i  functions of form associated

with node I.  N n  x   is the whole of the nodes whose support contains the point  x . One compares the

support of a node I to the support of the functions of form associated with this node, i.e. with the whole of

points x  such as i  x ≠0 .

The enriched approximation is written:

uh
x = ∑

i∈N n x

aiix  ∑
j∈N n x∩K

b j j x H  lsn x  ∑
k∈N n x∩L

∑
=1

4

ck

k x F

  lsnx  , lst x  
 

This expression is made up of 3 terms. The 1er term is the continuous classical term. 2ème and 3ème terms are
terms enriched. Being in the middle of method X-FEM, these terms are clarified in the following paragraphs.

3.2.1 Enrich with the function Heaviside (2ème term)

In  order  to  represent  the  jump  of  displacement  through  Γ c ,  one  introduces  the  Heaviside  function

generalized H x   feeding-bottleError: Reference source not found defined by:

H x={−1 si x0
1 si x≥0  

While making use of the level set normal, quantity  H  lsn  x    is worth –1  if the point  x  is “below” the

crack and is worth 1  if the point x  is “above” the crack.

b j  are the degrees of freedom nouveau riches. K  is the whole of the nodes whose support is entirely cut
by the crack (nodes represented by a round on Error: Reference source not found).

 
you
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4 Representation of the crack by “level sets”

The method  of  the  “Level  sets”  was  introduced within  the  framework  of  the  mechanics  of  the  fluids  to
represent the evolution of interfaces. The principal idea is to regard the interface as the Iso-zero of a function
outdistances. The choice of the function distance imports little here, because only the knowledge of the Iso-
zero is useful important.

4.1 Theoretical aspect of the level sets

That is to say an interface   delimiting open   of ℜ
n . The idea is to define a function x , t   regular

(at least Lipchitzienne) such as the subspace x , t =0  represent the interface.
The level set has the following properties:

 x , t 0 pour x∈
 x , t 0 pour x∉
 x , t =0 pour x∈∂=Γ  t .

 

This  method  applies  easily  to  the  problems  of  cracking  2D,  in  particular  within  the  framework  as  of
approaches where the crack is not with a grid.  (feeding-bottleError: Reference source not found feeding-
bottleError: Reference source not found in 2D).  The extension is possible for the treatment of the cracks in
3D.

Thus,  in the case of  cracking,  it  is  necessary to introduce two level  sets  (feeding-bottleError:  Reference
source not found in 2D and feeding-bottleError: Reference source not found in 3D):

• a level set normal ( lsn ) who represents the distance to the surface of the crack (surface extended
by prolongation to all the field),

• a level set tangent ( lst ) who represents the distance to the bottom of crack.

 

Figure 4.1-1 : Level sets and distance to the crack

The Iso-zero of the level set normal defines the surface of the crack, extended by continuity to all the field.
The intersection of the Iso-zero of both level sets defines the bottom of crack. Moreover, the sign of the level
set  tangent  is  selected  so  that  the  surface  of  the  crack  Γ cr  corresponds  to  the  space  generated  by

 lsn=0 ∩ lst0  .  The  sign  of  the  level  set  normal  is  arbitrarily  selected  thanks  to  the  convention  of
orientation of the normal to the plan of crack, explicitly definite in the paragraph [§Error: Reference source not
found]. Points x  for which lsn  x   is negative are known as “below” the crack, and those for which lsn  x 
is positive are known as “above” the crack (see  Error: Reference source not found and  Error: Reference
source not found).
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Figure 4.1-2 : Level sets for the representation of a crack 3D

 

Figure 4.1-3 : Level sets for the representation of a crack 2D

The phase of propagation of the crack results simply in the propagation of the level sets. The propagation of a
level set requires three successive stages feeding-bottle2 :

•extension speed known on the Iso-zero towards the whole field,
•propagation of the level set starting from this field speed,
•rebootstrapping of the function level set in order to preserve a function outdistances signed.

propagation of a crack represented by 2 level sets presents some characteristics. The Flight Path Vector is
known only on the face of crack, i.e. a curve. The crack can only grow, not to move. Two functions level sets
must be propagated and it is wished that their gradients remain orthogonal. The sequence of the stages can
be to summarize like this:

•propagation of lsn  and rebootstrapping of lsn  , 
•propagation of lst  , 
•orthogonalisation of the gradient of lst  versus gradient of lsn  , 
•rebootstrapping of lst .

These stages are reduced all to the solution of equation of the type Halimton-Jacobi feeding-bottle1 :
∂

∂ t
F∣∇∣= f  

where F  and f  are functions which depend on the stage.

Fast Marching Method feeding-bottle3 is an alternative technique adapted well  to the strictly monotonous
propagation of faces. This method separates the nodes from the grid following their distance of the interface,
and with each iteration the equation of propagation is solved for the only immediately adjacent nodes with the
interface, by using a diagram of finished differences in order 2.

This part is more detailed in the paragraph [§Error: Reference source not found].
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4.2 Calculation of the level sets

The calculation of the level sets (scalar fields) is carried out for each crack. It can be done in two manners.
Maybe by the data of their analytical expressions and in this case, a simple evaluation of these functions to
the nodes of the grid provides the required scalar fields. That is to say the crack is with a grid and in this case,
it  is  necessary  to  give  to  surface  meshs  correspondents  to  a  lip  (GROUP_MA_FISS)  and  linear  meshs
correspondents at the bottom of crack (GROUP_MA_FOND). ). In the case 2D, one will give linear meshs (for
GROUP_MA_FISS) and of the meshs points (for GROUP_MA_FOND). The distances are then calculated by an
algorithm of orthogonal projections inspired by that used for the contact feeding-bottleError: Reference source
not found, clarified in the paragraphs [§Error: Reference source not found] and [§Error: Reference source not
found].

4.2.1 Calculation of the level set normal (lsn)

For each node of the grid, one seeks the mesh of GROUP_MA_FISS nearest to this node. For that, one uses
the algorithms of projection on a triangle (see the paragraph [§2.3.2] of feeding-bottleError: Reference source
not found) and on a quadrangle (see the paragraph [§2.3.3] of feeding-bottleError: Reference source not
found). The value of lsn  is then the normal distance from this point to the mesh.

4.2.1.1 Calculation of the level set normal in 3D

In 3D, it is necessary to pay attention within the meaning of the normal. Indeed, meshs of  GROUP_MA_FISS being
interior  with  the  structure,  they  are  not  meshs  of  edge,  and  the  automatic  orientation  of  the  normals  (keyword
ORIE_PEAU_3D of the operator MODI_MAILLAGE ) is then impossible.  To ensure itself always to choose the same
direction  for  the  normals,  one  takes  the  normal  of  the  first  mesh  of   GROUP_MA_FISS as  reference  and  one
“propagates” the direction of this normal to all 

               éq. 4.2.1.1-1

Scalar fields K I  s  , K II  s   and K III  s   are discretized on the noted basis  p j s 1≤ j≤N  :

K I  s = ∑
j=1

N

K I j p j s

K II  s = ∑
j=1

N

K II j p j s 

K III  s  = ∑
j=1

N

K III j p j s

 

For the fields theta, the approximation [éq. 5.1 - 3] is preserved.

Just as for G , by injecting the expressions of the discretizations in the variational equation [éq. 5.2 - 6], it
comes the linear system:

∫
 0

∑
j=1

N

K I j p j s ∑
k=1

M

 k
i qk  s ⋅m s ds = g u ,uI

S i , ∀ i∈[1,P]

∫
0

∑
j=1

N

K II j p j s∑
k=1

M

k
i qk s ⋅m sds = g  u ,u II

S i , ∀ i∈[1,P]

∫
0

∑
j=1

N

K III j p j  s∑
k=1

M

k
i qk  s ⋅ms ds = g u ,u III

S  i , ∀ i∈[1,P]

 

4.3 Method G-theta with X-FEM
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5 Energy calculation of Factors of Intensity of the Constraints

This part points out the method G-theta used in Code_Aster for the calculation of the rate of refund of energy
in linear breaking process, following a calculation classical finite elements (in 2D or 3D). This method is also
used for the calculation of the factors of intensity of the constraints, by using the bilinear form of g  but only
in 2D. Because to be able to use it in 3D, it is necessary to know the local base at the bottom of crack in order
to express the asymptotic fields according to the polar coordinates  r ,θ  .

Then, one presents the contribution of the level sets in classical finite elements, which was to be able to build
a local base at the bottom of crack in 3D. As one saw in the paragraph [§Error: Reference source not found],
the gradients of the level sets give a local base to the bottom of crack. Moreover, the polar coordinates in this
local base are easily expressed according to the level sets (see  Error: Reference source not found). Thus
thanks to the level sets, method G - theta was applicable to the calculation of the factors of intensity of the
constraints in 3D with classical finite elements. In this context, the crack is with a grid, a classical calculation is
carried out. In postprocessing, one determines the two fields level sets starting from the crack with a grid and
one from of  deduced a discretization from the bottom of  crack.  The field  theta  is  built  starting from this
discretized bottom of crack, and the method G - theta is applied.

The last point is the calculation of the rate of refund of energy and the factors of intensity of the constraints,
following a calculation X-FEM. In this case, the crack is not with a grid, but the followed procedure is almost
the same one: the discretization of the bottom of crack is given starting from the level sets, a field theta is built
and G-theta is applied. The only difference is at the level of digital integrations: with X-FEM, integrations
digital require a under-cutting of the elements to be integrated. In fact, one uses under-cutting realized for the
calculation of the tangent matrices and the second members.

5.1 Method G-theta for calculation of G (see feeding-bottleError: Reference
source not found)

5.1.1 Relations of balance

In linear elasticity, one defines the density of free energy Ψ , in the absence of strains and of initial stresses
by the positive definite quadratic shape of the components of the tensor of the deformations:

Ψ  ε ,T =
1
2

 ε−ε th :C :  ε−εth   

C  is  the tensor  of  Hooke  (tensor  of  the 4ème order),  and  the  two  points  indicate  the tensorial  product
contracted on two indices.

The tensor of the constraints  σ  drift  of the potential  Ψ  to give the law of state (or law of behavior of
material):

σ=
∂Ψ
∂ ε

 ε ,T =C :  ε−ε th  

The relations of balance in weak formulation are obtained by minimizing the total potential energy of the
system:

W  v =∫


Ψ  ε  v   d −∫


f i vi d−∫
S

g i v i dΓ  

This functional calculus being minimal for the field of displacement U :

δW = ∫


∂Ψ
∂ εij

δεij d −∫


f i δvi d −∫
S

g i δv i dΓ

= ∫


σ ij
1
2

δvi , jδv j , i  d−∫


f i δv id−∫
S

g i δvi dΓ

= ∫


σ ij δvi , j d −∫


f i δvi d−∫
S

g i δvi dΓ=0
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The relations of balance in weak formulation are thus written in the following way:
To find u∈V  such as

∫


σ ij v i,j d=∫


f i v id ∫
S

g i v idΓ , ∀ v∈V 0  

5.1.2 Lagrangian expression of the rate of refund of energy

By definition, the rate of refund of local energy G  is defined by the opposite of the derivative of the potential
energy compared to the field:

G=−
∂W
∂

 

The method of the virtual extensions used here is a Lagrangian method of derivation of the potential energy. It
consists with introduced transformations:

F η :P∈M=Pηθ  P ∈η  

who at each material point P  area of reference  , associate a space point M  transformed field 
η .

These transformations representing of the propagations of the crack, should modify only the position of the
bottom of crack Γ 0 . Fields θ  must be tangent on the surface of the crack.

That is to say n  the normal on the surface of the crack, fields θ  must check:
θ j n j=0 sur Γ cr  

That is to say m  the unit normal at the bottom of crack, located in the tangent plan of the crack.
According to  feeding-bottleError:  Reference  source not  found,  the  rate  of  refund of  energy  room  G  is
solution of the following variational equation:

∫
0

G⋅m=G   , ∀∈ éq. 5.1.2-1

where  G  is defined by the opposite of the derivative of the potential energy  W u     with balance
compared to the initial evolution of the bottom of crack:

G  =−
dW u  

d  ∣
=0

 (particulate derivative)

To derive  the potential  energy  compared  to his  support  (in  the  vicinity  of  the  support  of  reference),  the
theorem of transport of Reynolds is used:
For a transformation F η  of class C1  and a function   (tensor of order 0.1 or 2) of class C1 , while noting

̇  the Lagrangian derivative related to the variation of field, one has the following relation:

∂
∂η ∫  d ∣η=0

=∫


̇  div ∂ F
η

∂ η 
η=0

d  

In fact, D years practice, the transformation F η  is not always of class C1  because the field θ  is only C1

by pieces.

Thus, 

−G  θ  = ∂
∂η ∫ Ψ− f i ui d−∫

S

g iu idΓ ∣η=0

= ∫


Ψ− f i ui
⋅

Ψ− f i ui  div θ  d−∫S
g iu i
⋅

g i ui  div θ −∂ θ
∂ nk

nk dΓ
 

where:
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  , T =
1
2
ii

2
 ij ij−3 K  T−T réf   

 Ψ̇  ε =
∂Ψ
∂ εij

ε̇ ij
∂Ψ
∂T

Ṫ=σ ij ε̇ij
∂Ψ
∂T

Ṫ  

thus:

−G θ =∫


σ ij ε̇ij
∂Ψ
∂T

Ṫ− ḟ iui− f i u̇i Ψ− f i ui  θ k , k d

−∫
S

ġ iu i−g i u̇i g iu iθ k , k−
∂θ
∂nk

nk dΓ
 

Firstly,  let  us  use  the  relation  giving  the  Lagrangian  derivative  of  a  field    according  to  its  derivative

eulérienne 
∂

∂η
 :

̇=
∂

∂ η
∇⋅θ  

According to this relation, the voluminal force f  being supposed independent of η , i.e. being the restriction

on   fields defined on ℝ
3 , one can write that 

∂ f i
∂ η

=0 . As it is the same for g  and T , there are the

following relations:
Ṫ=T , k θk

ḟ i= f i , k θ k

ġ i=g i , kθ k

 

Secondly, let us use the relation giving the Lagrangian derivative of the gradient of a field according to the
gradient of the field and gradient of the derivative of the field:

∇̇ =∇ ̇−∇⋅∇ θ  
maybe in indicielles notations,

 i , j
⋅

=̇ i , j−i , pθ p , j
 

thus

ε̇i , j=
1
2  u̇ i , j u̇ j ,i −

1
2  ui , pθ p , ju j , pθ p , i   

One replaces the 2 expressions in the 1er and one obtains:

−G θ =∫


σ ij u̇i , j
∂Ψ
∂T

T , k θ k−σij ui , pθ p , j− f i , k θ k ui− f i u̇i Ψ− f i ui θ k , k d

−∫
S

g i , k θk ui−g i u̇i g iu i θk , k−
∂θ
∂ nk

nk  dΓ
 

One can eliminate the terms in u̇  by noticing that the field u̇  is kinematically acceptable and satisfies the
equilibrium equation:

∫


σ ij u̇ i , j d=∫


f i u̇i d∫
S

g i u̇ idΓ  

What gives the final expression of J  θ   :
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G θ =∫


σ ij ui , pθ p , j −Ψθ k , k
∂Ψ
∂T

T , k θ k d

∫


f i , kθ ku i f iu iθk , k d

∫
S

g i , k θk u ig i ui θk ,k−
∂ θ
∂ nk

nk dΓ
éq. 5.1.2-2

 
Notice :

This form of the integral J  do not use integrals of contour but integrals of fields. 

5.1.3 Discretizations

One notes S the curvilinear X-coordinate in bottom of crack. The calculation of the local value of G  require to

solve the following variational equation for several fields i :

∫Γ 0
G  s  θ i  s⋅m  s  ds=Gθ i  ∀ i∈[1, P ]  

The scalar field G s   is discretized on a noted basis  p j s 1≤ j≤N  :

G  s =∑
j=1

N

G j p j s   

In the same way, fields i  are discretized on a noted basis qk  s 1≤k≤M . That is to say i  the trace of the

field i  on the bottom of crack 0  : 
i
 s=∣ 0

 s  and is k
i  components of 

i
 s  in this base:

i s=∑
k=1

M

k
i qk  s éq. 5.1.3-1

While injecting these expressions in the variational equation, it comes:

∫
0

∑
j=1

N

G j p j s∑
k=1

M

k
i qk  s ⋅m  sds=G

i
 , ∀ i∈[1, P ]  

G j  can thus be given by solving the linear system with P  equations and N  unknown factors:

{
∑
j=1

N

aijG j=bi , i=1,P

avec aij=∑
k=1

M

k
i∫
 0

p j  sqk  s⋅m sds

bi=G
i


 

 
This system has a solution if one chooses P  fields i  independent such as: P≥N  and if M≥N . It can
comprise  more  equations  than  unknown  factors,  in  which  case  it  is  solved  within  the  meaning  of  least
squares.
 
 

5.2 Method G-theta for calculation of KI, KII and KIII with the level sets
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This paragraph presents the contribution of the level sets for the calculation of the factors of intensity of the
constraints in 3D. It is based on the separation of the mixed modes thanks to the bilinear form of  g . This

bilinear form is used in Code_Aster for calculation by the method G - theta of K I , K II  in 2D (see feeding-
bottleError: Reference source not found).

5.2.1 Bilinear form of G

The calculation of the factors of intensity of the constraints can also be done by the method theta, by defining
a symmetrical bilinear form g  with:

g u , v =
1
4

Guv −Gu−v   éq. 5.2.1-1

Thus, are two fields of displacements u  and v , the calculation of  g  u , v   be carried out thanks to the
expression of G  data by the equation [éq. 5.1 - 2], in which deformations related to u  and v  derive from
the fields u  and v , and constraints related to u  and v  are deduced by the law from behavior:

ε  u =∇ s u , ε  v =∇ s v

σ  u =C : ε  u  , σ  v =C : ε  v 
 

By taking again the notations of feeding-bottleError: Reference source not found, the classical term of J  θ 
[éq. 5.1 - 2] is:

TCLA=σ u  : ∇ u∇ θ −Ψ  ε  u   divθ

=  S2−S2TH  −
1
2

 S1−S1TH  divθ
 

It is pointed out that in elasticity, the free energy is expressed according to the coefficients of Lamé λ  and
μ  :

ψ=
1
2
λ  ε ii 

2
μεij εij−ψ th

=
1
2 [  λ2μ   ε11

2 ε22
2 ε33

2 2λ  ε11 ε22ε11 ε33ε22 ε33 2μ  2ε12
2 2ε13

2 2ε23
2  ]−ψ th

 

with ψ th
=3Kα T−T ref  tr ε

For each term S1  and S2 , one initially will write their usual expression, then, one will pass to the bilinear
form.

5.2.1.1 Expression of S1 and S1TH

One writes S1  with the following expression:
S1=C1 .S 11C2 .S 12C3 .S 13  

while posing:

{
C1=λ2μ
C2=λ
C3=μ

and

S 11=u1,1
2
u2,2

2
u3,3

2

S 12=2  u1,1u2,2u1,1u3,3u2,2u3,3
S 13=u1,2u2,1

2
u1,3u3,1

2
u2,3u3,2 

2

Now let us write the associated bilinear form. The free energy depends then on two fields u  and v . The
coefficients materials C1 , C2  and C3  are obviously unchanged, and the new coefficients S 11 , S 12
and S 13  have as expressions:
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S 11=u1,1v1,1u2,2v 2,2u3,3 v3,3

S 12=u1,1v 2,2u2,2v1,1 u1,1 v3,3u3,3 v1,1u2,2 u3,3u3,3v 2,2
S 13=u1,2u2,1  v1,2v2,1 u1,3u3,1  v1,3v 3,1 u2,3u3,2  v2,3v3,2 

 

   
The expression of the thermal part is:

SITH=3 K α   T u−T réf  tr ε  v T v−T réf  tr ε  u    

Pour the calculation of K i , v  is the asymptotic field in mode I, obtained for T v=T réf , therefore terms in

T v−T réf   are simplified:

SITH=3K α   T u−T réf  tr ε  v    

5.2.1.2 Expression of S2 and S2TH

As for S1 , one writes S2  with the following expression:
S2=C1 . S 21C2 .S 22C3 . S 23  

The coefficients materials C1 , C2  and C3  are those definite in the preceding paragraph.
Coefficients S 21 , S 22  and S 23  have as expressions:

S21=∑
k=1

3

∑
p=1

3

uk , k uk , pθ p , k

S22=∑
k=1

3

∑
l≠k
∑
p=1

3

ul , l uk , pθ p , k

S23=∑
k=1

3

∑
l≠k
∑
m≠k
m≠l

∑
p=1

3

ul , mul , pθ p ,mu l ,mum , pθ p ,l

 

This writing easily makes it possible to pass to the associated bilinear form. It is enough to replace the terms

u i , juk , l  by 
1
2  ui , j vk , luk , l v i , j  . If the following notation is introduced:

B u i , j , vk , l =
1
2 u i , j vk , luk , l v i , j   

then new coefficients S 21 , S 22  and S 23  have as expressions:

S21=∑
k=1

3

∑
p=1

3

B uk ,k , v k , p θ p , k

S22=∑
k=1

3

∑
l≠k
∑
p=1

3

B  ul , l , vk , p  θ p ,k

S23=∑
k=1

3

∑
l≠k
∑
m≠k
m≠l

∑
p=1

3

B u l , m , v l , p θ p , mB u l , m , vm , p θ p , l

 

 
The expression of the thermal part is:

S2TH=
TH1

2
3K α T u−T ref  ∂ v i∂ x j

∂θ j

∂ x i 
TH1

2
3K α  T v−T ref  ∂u i

∂ x j

∂θ j

∂ xi   

where TH1=1  in D_PLAN, AXIS and in 3D and TH1=
1−2ν
1−ν

 in C_PLAN.
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Pour the calculation of Ki , v  is the asymptotic field in mode i , obtained for T v=T réf , therefore terms in

T v−T réf   are simplified:

S2TH=
TH1

2
3Kα T u−T réf   ∂ v i∂ x j

∂θ j

∂ x i   

5.2.1.3 Surface term

The additional term in the expression of G , had with the imposition of a surface force g  on Γ c  of external

normal n  is the following:

TSUR=∇ g⋅θ  ug⋅u div θ−n
∂θ
∂ n 

=g i , k θk uig i⋅ui θk , k−nk
∂θ
∂nk 

 

The term n
∂θ
∂ n

 because the gradient of the field is null θ  is orthogonal with n .

It thus remains:
TSUR=∇ g⋅θ  ug⋅u div θ

=g i , k θk uig i⋅uiθ k , k
 

The bilinear form g  u , v   associated for the calculation of G  and of K I , K II  and K III  is:

TSUR  u , v =1
2 [  ∇ g u⋅θ  vgu⋅v div θ  ∇ g v⋅θ  ugv⋅u divθ  ]  

Pour the calculation of  K i ,  v  is the asymptotic field in mode i , obtained for  gv=0 , therefore terms in

g v  and ∇ gv  are simplified:

TSUR  u , v =
1
2 [ ∇ gu⋅θ  vg u⋅v divθ ]  

5.2.1.4 Thermal term

The additional term in the expression of G, had with the field of temperature T  is the following:

TTHE=
∂

∂T
T , k k =

1
2

3K  tr  v  ∂T u

∂ x
 x

∂T u

∂ y
 y

∂T u

∂ z
 z


1
2

3K  tr  u ∂T v

∂ x
x

∂T v

∂ y
y

∂T v

∂ z
z

 

For the calculation of K i  , v  is the asymptotic field in mode I, obtained for T v=T réf=cste  , therefore

terms in TTHE=
−∂

∂T
∇ T⋅=1

2
3K  tr  ∂T∂ x

x
∂T
∂ y

 y  are simplified: 

TTHE=
1
2

3K  tr v ∂T u

∂ x
x

∂T u

∂ y
 y

∂T u

∂ z
z   
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5.2.2 Separation of the mixed modes

   
The symmetrical bilinear form g  u , v   like property interesting that has to separate the three modes from

opening of the crack. Indeed, in the form g  u , v  , if the field on the left is the field of solution displacement

and if the term on the right is a field of singular displacement in bottom of crack u I
S
, u II

S
 or u III

S
, the factors

of intensity of the constraints are expressed in the following way:

K I=
E

 1−ν2
g  u ,uI

S  éq. 5.2.2-1

K II=
E

 1−ν 2
g u ,u II

S  éq. 5.2.2-2

K III=2μg u ,u III
S  éq. 5.2.2-3

Certain authors use the concept of integrals of interactions, instead of the bilinear form of  g . These two

vocabularies indicate in fact same the quantities. Indeed, while noting I
u ,uI

S
 the integral of interaction enters

the field solution and the singular field in mode I , the expression of  K I  in term of integral of interaction
feeding-bottleError: Reference source not found is:

K I=
E

2  1−ν2 
I
u , uI

S

 

This expression for K I  is identical to that given by the equation [éq. 5.2 - 2] except for a multiplicative term.

If one applies the method of the virtual extensions to the bilinear form of g , the equivalent expression of the

variational equation [éq. 5.1 - 1] for K i  buildings is:

1−ν2 
E

∫
Γ0

K I θ⋅m ds=g  u ,uI
S θ , ∀θ∈Θ

1−ν2 
E

∫
Γ0

K II θ⋅m ds=g u ,u II
S θ , ∀θ∈Θ

1
2 μ
∫
Γ 0

K III θ⋅m ds=g u ,u III
S θ , ∀θ∈Θ

éq. 5.2.2-4

One  finds  the  analogue  of  these  expressions  written  with  integrals  of  interaction  in  feeding-bottleError:
Reference source not found and feeding-bottleError: Reference source not found.
 
It is pointed out that the second member of the equations [éq. 5.2 - 5] is the bilinear form of g  (see [éq. 5.2 -
1]) in which the term on the left  u  is the field solution displacement (coming from the resolution of the

problem by the finite element method) and the term on the right u i= I , II , III
S

 is the asymptotic field (in mode

i= I , II , III )  whose  analytical  expression  is  given  by  the  equation  [éq.  3.2  - 1].  These  analytical

expressions are given in the local base to the bottom of crack e1 , e2 , e3   exit of the gradients of the level
sets,  but  the  derivative  speakers  in  g u ,u I , II , III

S  θ  are  made  compared  to  the  total  reference  mark

 E1 , E2 , E3  (see  the  expressions  of  the  terms  S1 and  S2  in  the  preceding  paragraph).  It  is  thus

necessary to carry out a basic change.

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part and is
provided as a convenience.
Copyright 2021 EDF R&D - Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.html)



Code_Aster Version
default

Titre : Algorithmes de propagation de fissures avec X-FEM Date : 21/07/2017 Page : 93/156
Responsable : GÉNIAUT Samuel Clé : R7.02.13 Révision  :

9d16ecc526ab

  

Figure 5.2-1 : Polar coordinates, bases local and bases total

That is to say DPODL  the matrix of the derivative of the polar coordinates in the local base:

DPODL=[
∂ r
∂ x

∂ r
∂ y

∂ r
∂ z

∂θ
∂ x

∂ θ
∂ y

∂ θ
∂ z

]=[ cosθ sin θ 0

−
sin θ
r

cos θ
r

0 ]  

That is to say u  an auxiliary field expressed according to the polar coordinates  r ,θ  . The derivative of u
compared to the variables  r ,θ   are analytically given. One writes them in matric form:

DUDPO=[
∂ u1

∂ r

∂u1

∂θ
∂ u2

∂ r

∂ u2

∂θ
∂ u3

∂r

∂ u3

∂ θ
]  

Then, one writes the derivative in the local base e1 , e2 , e3   :

DUDL=[
∂ u1

∂ x

∂u1

∂ y

∂ u1

∂ z
∂ u2

∂ x

∂ u2

∂ y

∂u2

∂ z
∂ u3

∂ x

∂u3

∂ y

∂ u3

∂ z
]=DUDPO .DPODL=[

∂u1

∂ r

∂ u1

∂θ
∂ u2

∂ r

∂u2

∂θ
∂u3

∂ r

∂ u3

∂θ
] .[

∂ r
∂ x

∂ r
∂ y

∂ r
∂ z

∂ θ
∂ x

∂θ
∂ y

∂θ
∂ z

]  

It now remains to write the derivative of u  in the total base  E1 , E2 , E3 . For that, one notes R  the matrix

of the vectors of the total base written in the local base (matrix of passage):
Rαm=eα⋅Em  

Are I and J total indices, Jème derived from Ième component of u  is written then:

u i , j=∑
α=1

3

uα Rαi  , j=∑α=1

3

uα , j Rαiuα Rαi , j =∑
α=1

3

∑
β=1

3

 uα , β Rβj  Rαiuα Rαi , j  

In this expression, terms uα , β  are the components of the matrix DUDL . The term Rαi , j  appears as the
curve of the local base. It can be neglected if the curve of the bottom of crack is low. In practice, its taking into
account almost does not change the results.

5.2.3 Discretizations
   

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part and is
provided as a convenience.
Copyright 2021 EDF R&D - Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.html)



Code_Aster Version
default

Titre : Algorithmes de propagation de fissures avec X-FEM Date : 21/07/2017 Page : 94/156
Responsable : GÉNIAUT Samuel Clé : R7.02.13 Révision  :

9d16ecc526ab

Just as previously, one notes S the curvilinear X-coordinate in bottom of crack. The calculation of the local
value of K I , K II  and K III  require to solve the following variational equation for several fields 

i  :

1−ν2 
E

∫Γ 0
K I  s  θ i  s ⋅m  s  ds=g u , u I

S  θ i ∀ i∈[ 1,P ]

1−ν2 
E

∫Γ
0
K II  s  θ i  s⋅m  s  ds=g  u , uII

S θ i ∀ i∈[ 1, P ]

1
2 μ
∫Γ 0

K III  s  θ i  s ⋅m  s  ds=g  u ,uIII
S θ i ∀ i∈[1, P ]
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Algorithms of propagation of cracks with X-FEM

Summary:

This document presents the algorithms of propagation of cracks within the framework of method X-FEM  [R7.02.12].
The crack is then represented by level-sets. The propagation of the crack thus consists in updating the level-sets
taking into account the projection of the face of crack.
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6 Introduction

A consequent advantage of method X-FEM being the possibility of studying several geometries of crack on the same
grid, one can easily study the evolution of the crack in the course of time. The operator PROPA_FISS [U4.82.11] the
crack resulting from a propagation in fatigue calculates according to a local law of Paris.

Starting from the data of a crack at a given moment and coefficients of intensity of the constraints correspondents
(Operator CALC_G [U4.82.03]), the operator calculates the level-sets after advanced crack, then the structure of data
fiss_xfem is enriched by the same manner as with the operator DEFI_FISS_XFEM [U4.82.08].

An introduction to the method of the Level sets is given in [R7.02.12]. The phase of propagation of the crack results
simply in the propagation of the level-sets
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At present one can calculate new the level-sets after advanced by three different approaches: by update of the level-
sets according to a method of the type fast marching, by update after a direct geometrical calculation or by update
starting from a rebuilt propagated grid (the grid of the crack is rebuilt starting from the data of propagation and the
level-sets are calculated in the second time by distance to the grid). Various stages of the propagation of crack X-FEM
in Code_Aster change according to the approach used. 

Nevertheless the stage of calculation the speed of advanced bottom of crack is common to all the methods (cf [§  7 ]).
One defines the level-sets translating the new geometry of crack and one makes sure that those keep definitions close
to functions signed distances (cf [§ 9 ]). Propagation of a survey L set requires the three following successive stages
thus (feeding-bottle 2 ) : 

• extension speed known on the Iso-zero towards the whole field,
• propagation of the level-set from this field speed,
• rebootstrapping of the function level-set in order to preserve a function outdistances signed.

On the contrary, if direct calculation is used, one immediately recomputes the new values of the two level-sets (cf
[§11]).
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7 Calculation of the field of propagation velocity

The first stages consist in calculating two fields of speeds, normal and tangential, defining the dissociated evolution of
the two level-sets. One places oneself within the framework of a propagation in mixed mode.

7.1 Speed of advanced bottom of crack

The projection of the bottom of crack of each one of its points, evolves in the local base according to a law of Paris.  Its
direction can be given by several criterionS detailed in the paragraph [§7.7]. One can generally write:

V=V N e1+V T e2  in the local base (e1 ,e2 ,e3) (1)

That is to say still:

V=CGm ( sinβ e1+cosβ e2 )  (2)

And where C  and m  are characteristics of the fatigue behaviour of material, G  is the rate of refund of energy room
resulting from the method G - Theta, and β  is the angle of connection. This angle is worth: 

β=2arctan [ 1
4

.( K I

K II

−sign (K II ) .√( K I

K II
)
2

+8)]  (3)

Or: 

β=2arctan [ 1
4

.(1+ xI−(1−x III)
p

         x II

−sign(K II) .√(1+ xI−(1−x III)
p

         x II

)

2

+8)]  (4)

With: 

x i=
K i

K I+|K II|+|K III|
 and p=

√π−5ν
4

(5)

7.2 Wide field speed to the grid

Speeds normal and tangent are known only for the points of intersection between the bottom of the crack and the faces
of the elements of the grid. These points are not nodes of the grid. For the update of the level-sets after a propagation,
speed must be known for each node of the grid [§8.1]. It is thus necessary that one extends the speed to all the nodes
of the grid starting from the values on the bottom of crack. For that one projects each node on the bottom of crack in
normal direction and one assigns with the node the speed of the point which is the projection of the node.

Projection is put in work according to the following algorithm (Figure 7.2-1):
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Figure 7.2-1: projection of the node M  on the bottom of crack
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• Buckle on the nodes M  grid 

• Initialization: dmin=réel maxi  
• Buckle on segments IJ  : between two points I  and J  consecutive of the bottom of crack 

• One calculates s= I⃗J⋅⃗IM
‖ I⃗J‖2 =

‖I⃗P‖⋅‖I⃗J‖

‖I⃗J‖2 =‖I⃗P‖
‖ I⃗J‖

 

• If s0  , then s=0  
• If s1  , then s=1  

• If the node is projected M  on IJ  , the point is obtained P  . The position of this point is determined

by the vector IP  : IP=s⋅IJ  

• One calculates the distance between the node M  and its projection P : d=∥MP∥
• If ddmin  , then one stores dmin  , Imin=I  , Jmin=J  and smin=s  

• Fine buckles
• Fine buckles

The parameter  smin  give the position of projection  P  of each node M  grid compared to the length of the vector
Imin Jmin  bottom of  crack to which projection  P  belongs. The position of  projection  P  can thus be looked like

parametric position on the vector Imin Jmin . That can be used to calculate the value of the Flight Path Vector V  to

assign with the node M .

One brings back this problem to the determination of the Flight Path Vector V P  of a point P  segment IJ  when the

Flight Path Vectors are known at the points I  and J  (Figure 7.2-2).

Method used for calculation of  V P  is arbitrary. If one looks at the physical significance speed, one can say that it

changes gradually between the two limiting vectors V I  and V J  with the position of the point P . For the value of

‖V P‖  one can thus use a linear interpolation between the two values ∥V I∥  and ∥V J∥  :

∥V P∥=∥V J∥−∥V I∥⋅smin∥V I∥  (6)

For the direction of V P , one can determine the angle enters V I  and V J  and to once again use a linear interpolation
on the angle calculated, according to the algorithm following: 

- one calculates the normal vector with the plan formed by the vectors V I  and V J  : v3=V I∧V J  

- one brings back oneself in a local base formed by the vectors V I  and v3 . The last axis of the base is

calculated: v2=v3∧V I . This vector is in the plan formed by the vectors V I  and V J .

- one calculation unit vectors of the base in this plan: u1=
V I

‖V I‖
 and u2=

v2

‖v2‖

- one calculates the angle between the two Flight Path Vectors V I  and V J  : α=acos ( ∑i=1
3 V I i⋅V J i

‖V I‖⋅‖V J‖ )  
- one calculates the unit vector speed at the point P  by linear interpolation:

- uP=cos  smin⋅u1sin  smin⋅u2  
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Figure 7.2-2: determination the speed of the point N
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- finally one calculates the Flight Path Vector at the point P  by using the value ∥V P∥  already calculated:

V P=∥V P∥⋅uP

7.3 Calculation ofS speeds for each node of the grid

To make evolve the level-set normal suitably [§7.5] and to integrate the two equations of update of the level-set [§8],

one must know the normal Flight Path Vectors V N  and tangent V T  for each node of the grid. For that it is enough to
calculate the directions normal and tangent of the level-sets by using the gradients of the level-sets.

Unfortunately this solution is not applicable to all the nodes. Indeed, after the update, the property of orthogonality of
the level-sets is not guaranteed [§9.1] for all the nodes. This property is very important to guarantee the orthogonality

of the Flight Path Vectors V N  and V T . One must thus use another solution.

By looking at the way used to extend the field speed to the nodes of the grid  [§7.2,§7.5], the following solution is
considered:

1. if the level-set tangent with the node is negative: it evolves in a direction parallel at the surface of the
crack. One thus uses the gradients of the level-sets to calculate the directions normal and tangent.
Indeed, that means that the node is within the space of the existing crack and that the normal value of
the level-set does not change during the update of the level-sets contrary to the tangent value of the
level-set [§7.5].

2. if the level-set tangent with the node is positive, one uses the local base of the projection of the node
on the bottom of crack. Indeed, the evolution of the level-sets must be coherent with the modifications
of the bottom of crack.

For the first case, the calculation of the directions normal and tangent does not pose a problem because the gradients

of  the  level-sets  ϕ  with  the  nodes are  always  known:  V N=V N
P
⋅∇ϕn  and  V T=V T

P
⋅∇ϕt  . However  L be

component normal V N
P  and tangent V T

P  speed V P  must be calculated compared to the local base of the bottom of

crack at the point P  by using the following solution described for second case . 

In this case, calculation is more difficult because the local base of the bottom of crack is known only for the points of
intersection between the bottom of the crack and the faces of the elements of the grid. The situation is visible in figure
7.3-1: one knows the local base at the points I  and J  and one wants to calculate the local base at the point  P ,
projection of a node on the bottom of crack. The orientation of this base must be understood between the orientations
of the base at the point I  and of the base at the point J  according to the position of the point P . The latter is well

described by the parameter  smin  already calculated [§7.2].

 
If the translation of the origin is not considered, the change of orientation of the local base can be seen as a rotation of
the base starting from the orientation at the point I , for which smin=0 . There is maximum rotation for  smin=1 , i.e.
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Figure 7.3-1: determination of the
local base at the point P
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at the point J . Orientation of the base at the point P  is obtained by using a lower rotation proportional to the value of
smin .

By using the theorem of Euler, one can always describe an unspecified rotation like only one rotation (angle of Euler)
around one only axis (axis of Euler). The direction of this last and the value of rotation change for the segment IJ
along the bottom of crack.

The local base at the point P  can thus be obtained by a rotation around the axis of Euler calculated for the rotation
which transforms the base at the point I  in the base at the point J . The value of the swing angle can be calculated

simply by multiplying the angle of Euler by smin . In the following paragraph [§7.4], one describes the equations which
one uses for this calculation.

After the determination of the local base t P  and nP  at the point P , one can calculate the value of the components

speed V P . That is to say:

 V N
P
=V P⋅nP  and V T

P
=V P⋅t P (7)

Finally the two vectors are calculated V N  and V T  : 

 V N=V N
P
⋅nP  and V T=V T

P
⋅t P (8)

In short, for each node M  grid one calculates projection P  on the bottom of crack. Then the local base is calculated
t P  and nP  at the point P  and components speed V P  (which was already calculated [§7.2]): 

{V N
P
=V P⋅nP

V T
P
=V P⋅tP

 (9)

Finally the vectors are calculated V N  and V T  with the node M  according to the sign of the level-set tangent: 

t0 {V N=V N
P
⋅∇n

V T=V T
P
⋅∇ t

 or t0 {V N=V N
P
⋅nP

V T=V T
P
⋅tP

(10)

Où n  and t  are respectively the level-set normal and the level-set tangent.

7.4 Calculation of the local base

As already described in the preceding paragraph, one knows the local base at the points I  and J  and one wants to
calculate the local base at the point P  by using a rotation.

The first stage is the calculation of the axis and the angle of Euler which describe rotation that one must apply to the
base t I , nI , bI   at the point I  to obtain the base t J , nJ , bJ   at the point J  . The algorithm used is the following: 

• O N calculates the third axis b  local base at the points I  and J  . In fact, only unit vectors t  and
n  are stored: 

{b I=t I∧n I

bJ=t J∧nJ

 (11)

• O N calculates the matrix of rotation of Euler between the two bases  : 

RE=[
t J⋅t I nJ⋅t I bJ⋅t I
t J⋅n I nJ⋅n I bJ⋅nI

t J⋅bI nJ⋅bI bJ⋅bI
]  (12)
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 Each column of the matrix represents a vector of the base at the point J  t J , nJ , bJ   in the local
base at the point I  . 

• ON calculates the angle of Euler by using the elements of the matrix RE  :

ϑE=acos( R11+R22+R33−1

2 )  (13)

• ON calculates the axis of Euler e=[e1 e2 e3 ]
T
 :

{
e1=

R23−R32

2⋅sinϑE

e2=
R31−R13

2⋅sinϑE

e3=
R12−R21

2⋅sinϑE

 (14)

The angle and the calculated axis of Euler are the same oneS for all the points P  on the edge defined by the points
I  and J . The second phase is the calculation of the local base for a point P  for which the position is determined by

the parameter smin  [§7.2]. The algorithm used is the following:

• One calculates the effective swing angle to use: 

P=E⋅smin  (15)

• O N calculates the matrix of rotation between the local base at the point I  and the local base at the
point J  for a rotation around the axis of Euler e  equalize with P   : 

T P=cos P ⋅I1cos P  ⋅e⋅eT−sin P ⋅  (16)

where the matrix   is the following one: 

=[
0 −e3 e2

e3 0 −e1

−e2 e1 0 ]  (17)

• O N calculates the axes t P  and nP  local base at the point P  in the local base at the point I   : 

{ tP  tI ,nI ,b I 
=T P⋅[1 0 0]T

nP t I , nI , bI =T P⋅[0 1 0]T
 (18)

The two vectors are thus coïncidents with the first and the second column of the matrix T P . By using

the equation above for the calculation of this matrix, one can thus write: 

t P t I , nI , bI =[
cos P 1−cos P ⋅e1

2

1−cos P  ⋅e1⋅e2−sin P ⋅e3

1−cos P  ⋅e1⋅e3sin P⋅e2
]  (19)

And: 

nP t I , nI , bI =[
1−cos P  ⋅e1⋅e2sin P ⋅e3

cos P1−cos P ⋅e2
2

1−cos P  ⋅e2⋅e3−sin P ⋅e1
]  (20)
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• Enfin one can express the vectors  t P
I  and  nP

I  in the total base of the grid, which is used for all

calculations.  If  the  component  is  indicated  i  vector  t P t I , nI , bI   by  t P  tI ,n I ,b I 
i   and  the  same

component of the vector nP t I , nI , bI   by nP  tI ,nI ,b I 
 i  , one can write: 

{ tP=tP  t I ,n I ,b I 
1 ⋅t It P  t I ,n I ,b I 

2 ⋅nItP  tI ,nI ,b I 
3 ⋅b I

nP=nP t I , nI , bI  1 ⋅t InP  t I ,n I ,b I  2 ⋅nInP  tI , nI ,b I  3 ⋅bI

 (21)

7.5 Adjustment of the field normal speed

In order to prevent the displacement of the preexistent crack, and to make evolve  the level-set normal suitably, it is
necessary to adjust the field normal speed (feeding-bottle1). One wants to have a trajectory of relatively smoothed
crack, such as: 

V N  lst ={0 si lst≤0 et notamment en lst=0
V si lst=V⋅ t

 (22)

The value of  t  is equal to the total time of integration of the equations of update of the level-sets [§ 8.1]. Thus, the

bottom of crack advances well according to V T  and V N  calculated previously. One makes a linear approximation in

lst .

 

Figure 7.5-1 : Adjustment normal speed

The formula applied to all the nodes of the grid is the following one: 

V N=h  lst  .
V N . lst

V T . Δt
 with h x ={0 si x0

1 si x0
(23)

Où V N  and V T  are the field speed nodal, and  t  the step of selected time (see paragraph [§8]).

7.6 Taking into account of discharge

In the case of a crack three-dimensional, two rotations are possible during the propagation of a crack. That is to say a
point of the bottom of crack (P)  which is associated a local base (T,N,B). [feeding-bottle 21] described the rotation

thus of connection like the rotation of the Flight Path Vector  V  in the plan (P , t ,n)  and β  its associated angle,
and the rotation of discharge as being the rotation of the local base around the Flight Path Vector, angle γ .
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The taking into account of discharge thus consists in carrying out the rotation of the local bases before the stage of
update of the level-sets. The stage of propagation thus follows the following sequence:

1. application of rotations of connection ( β ) and of discharge ( γ ) at the local bases of the points of the
bottom of crack,

2. projection of the points of the grid on the bottom of crack,

3. attribution of a local base and a speed V  of propagation at all the points projected by interpolation
enters the points of the bottom of crack, 

4. update of the level-sets in the bases local with speed V . 

Local bases having undergone rotation before the stage of update of the level-sets, the Flight Path Vector V  is thus
carried only by the vector t '  new local base. There is not thus more normal component at the speed in the new local
base. 

Notice :

The  rotation  of  discharge  can  be  activated  only  in  3D  and  when  the  keyword
CRIT_ANGL_BIFURCATION of the operator of propagation PROPA_FISS is worth SITT_MAX_DEVER.
By default the rotation of discharge is forced with 0 .

7.7 Determination of the angles of junction

D years C ace where discharge is not taken into account, the angle of connection is classically determined by the
principle of the “Maximum Hoop Stress criterion” [feeding-bottle 4] according to the coefficients of intensity of the
constraints K I  and K II   : 

β=2arctan [ 1
4

.( K I

K II

−sign ( K II ) . √ ( K I

K II )
2

+ 8) ]  (24)

Notice :

The angle of connection can be calculated by the operator CALC_G [R7.02.05] [U4.82.03]. In this case it
is imposed on PROPA_FISS in the same table as G and the SIF.
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Figure 7.6-1: Definition of the angles of connection and discharge
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It can also be calculated by the operator POST_RUPTURE [U4.82.04] inside the operator PROPA_FISS
[U4.82.11].  This  option makes it  possible  to choose other  criterionS that  it  “Maximum Hoop Stress
criterion”. 

In C aces where discharge is taken into account, the angle of connection and the dumping angle are both calculated
with the criterion of “Maximum Hoop Stress criterion” [feeding-bottle 21 ] while utilizing K I  , K II  and K III   : 

βc=2arctan [ 1
4

.( 1+ x I−(1−x III)
p

xII
−sign(K II) .√ ( 1+ xI−(1−x III)

p

x II

)

2

+ 8) ]  (25)

And for the dumping angle: 

γ=
1
2

arctan [ 2σθ z(β c)

σθθ(β c)−σ zz( βc) ]  (26)

With: 

x i=
K i

K I +|K II|+|K III|
 and p=

√π−5ν
4

(27)

Notice :

The angle of  discharge is calculated by the operator  POST_RUPTURE [U4.82.04] inside the operator
PROPA_FISS [U4.82.11]  when  the  keyword  CRIT_ANGL_BIFURCATION  this  last  is  equal  to
SITT_MAX_DEVER . 
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8 Update of the Level-sets

After the propagation,  the geometry  of  the crack changes and the level-sets must evolve for describing this new
geometry well. Even if one can recompute the level-sets by using their definition of signed distance, in practice this
solution is to be avoided for questionS of performance.

One can more quickly recompute the level-sets by using the equations of update of the level-sets which describe their
evolution following the propagation of the crack.

In the following equations, one will use the symbols ϕn , ϕt  and ϕ  to indicate the level-set normal respectively (
lsn ), the level-set tangent ( lst ) and a level-set in general ( lsn  or lst ).

8.1 Equations of update

The level-sets are put up to date on all the nodes according to the equation of following Hamilton-Jacobi ( feeding-
bottle1): 

∂ϕ

∂ t
=−V ϕ⋅‖∇ϕ‖  (28)

Où ϕ  is the level-set, ∇ϕ  is its gradient and V ϕ  the propagation velocity of the level-set ϕ  ( V T  or V N ). This
equation is known like equation of evolution of the level-sets. In (feeding-bottle13) and (feeding-bottle14) it is shown
that an error is present in this formulation of the equation and that the correct form to use is rather the following one: 

∂ϕ

∂ t
+∇ ϕ⋅V=0  (29)

The integration of the equation poses several problems (feeding-bottle14):

• iteration  count  of  integration  is  important  if  an  explicit  diagram  is  used  (for  example  Runge-Kutta)
because of the limitation on the step of time usable to each iteration (condition CFL). Adjustment of the
field normal speed ([§7.5]) is at the origin of the very strong reduction in the maximum value of the step of
time  usable  and  by  consequent  increment  amongst  iterations  necessary.  To avoid  this  problem,  an
implicit scheme can be used but that complicates programming. Like third alternative, one can use a
method of  the type “fast  marching method” (feeding-bottle3) who directly  calculates the solution and
without  iterations (feeding-bottle15,  feeding-bottle16).  However  errors  can be present  in  the  solution
calculated by this last method at the edges of the field of calculation (feeding-bottle15, feeding-bottle16).

• EN presence of a high value of the angle of propagation   ([§7.1]), the solution obtained by integration
of the equation of the level-set can have instabilities which will disturb the convergence of the algorithms
of integration during successive iterations of propagation.

• Instabilities causedES involve a great digital sensitivity of the method to the errors rounded, which conduit
with a significant variation of the results between machines. This behavior is not desirable in an industrial
use of the method.

An alternative equation of update is thus proposed in (feeding-bottle14). It rests on the geometrical interpretation of the
consequent modification of the level-sets to the propagation of the crack. If one looks at the Iso-zero of the level-set
tangent ( lst=0  figure 7.5-1), one can say that each point of this surface moves quantity V T⋅ t . Consequently, the
value of the level-set at the point decreases by the same quantity. If one looks at the Iso-zero of the level-set normal (
lsn=0  figure 7.5-1), one can say that in the part of the volume of healthy material ( lst0 ) the level-set is subjected
to a rotation around the bottom of crack and that each point moves according to the normal direction with the Iso-zero
of a quantity V N⋅ t . It is the linear variation speed V N  with lst  ([§7.5]) who allows to obtain good displacement in
each point. While generalizing with the case 3D as in (feeding-bottle14), one can thus write the following equations of
update:

Δϕn=−(V N⋅∇ ϕn )⋅Δ t  and Δϕt=−(V T⋅∇ϕt )⋅Δ t (30)
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The advantage of these equations is obvious: they are explicit algebraic equations which do not require the use of any
iterative diagram of integration. The solution can be calculated directly with a very weak computing time. Of more, no
problem of instability is present even for angles of propagation    raised as shown in (feeding-bottle14).

The value of   t  to  use in  the equations of  update of  the level-sets  can be easily  calculated starting from the

maximum projection  amax  crack given by the user: 

Δ t tot=
Δamax

max
i∈ fond

∥V ( X i )∥
 (31)

Où the vector V x i   is the vector of the propagation velocity ( V=V NV T ) of a point x i  bottom of crack. It should

be observed that, in this context,  one takes as point of the bottom of crack the physical points to the intersection
between the bottom of crack and the faces of the elements of the grid, for which one knows the speed and the angle of
propagation, but that one takes also the geometrical points of the face which are the normal projection of the nodes of
the grid on the face itself [§7.2]. However the propagation velocity is calculated for these last points by using a linear
interpolation [§7.2] and for each edge which forms the bottom of crack maximum speed is obtained with the one of its
two ends. One can thus limit the research maximum speed to the points of intersection between the bottom of crack
and the faces of the elements of the grid.

Notice:
In description above, the symbols t  and  t  were used to indicate time. However the size described
by these symbols is indeed the number of cycles of tiredness which causes the projection of the crack.
In fact, if one looks at the equation used above for the calculation of  t ,  t  is obtained by division
between the distance from advanced crack (for example: millimetres) and the speed of projection. The
speed calculated by using a law of propagation (for example the law of Paris) is given like a projection of
the crack by cycle of tiredness (for example:  millimetres/cycle).  One from of thus deduced that   t
represent  the  number  of  cycles  of  tiredness  which  one  must  apply  to  have  the  wanted  maximum
projection. The link between the number of cycles of tiredness and time is given by the frequency of
application of the loading.
That is true for all the equations used and one can say that all the sizes which are reduced to time ( t ,
 t ,…) express in fact a number of cycles of tiredness.
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9 Rebootstrapping and reorthogonalisation of the level-sets
9.1 Introduction

During  their  evolutions,  the  level-sets  must  imperatively  keep  a  definition  relatively  close  to  functions  of  signed
distance.

The first reason is the calculation of the stress intensity factors in bottom of crack by the method G - Theta, for which

polar coordinates  r ,  are defined in the local base like  r= lsn2lst2  and  θ=arctan  lsn / lst   ; the use of
distances signed for the calculation of the polar coordinates is thus necessary.

Moreover, during the propagation of crack, the equation of update presented higher (paragraph [§8]) brings into play
the standards of the gradients of the level-sets, which must remain sufficiently close to the unit, because if |∇ϕ|  is

not worth 1 , the crack does not advance with speed V ϕ  defined. 

After the phase of update, it happens that the level-sets lose their direction of function of signed distance, in particular
in the case of a propagation except plan (case of a request where K II≠0 ), which introduces a normal speed (see
Figure 9.1-1).

 

Figure 9.1-1 : Propagation of level-sets and loss of function of signed distance and orthogonality

After propagation it is thus necessary to pass by a stage known as of “rebootstrapping” of which the goal will be to
minimize  ∣∣∇ lsn∣−1∣  and, ∣∣∇ lst∣−1∣  as  well  as  a  stage  of  “reorthogonalisation”  whose  objective  will  be  to

minimize  ∣∇ lsn .∇ lst∣ . Indeed, the level-sets are rigorously defined only if, in any point of space,  ∣∇ lsn∣=1 ,
∣∇ lst∣=1  and ∇ lsn . ∇ lst=0 .

However, in the case of a nonplane crack, it  is impossible to have two functions whose gradients are orthogonal
between them and of unit standards in any point of space. Antagonism between the two properties appears on Figure
9.1-2 on which are defined, starting from an Iso-zero of lsn , a function lst  either normalized, or orthogonal.

 

Figure 9.1-2 : Antagonism Initialization - Orthogonalisation

It is thus necessary to privilege one or the other of these properties. Being given the principal use of these functions for
the method G - Theta, it appears more important than the gradients are well normalized, rather than orthogonal, so
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that the polar coordinates r ,  a direction has. In order to have an orthonormal local base, one also forces on the
bottom of crack which the gradients are normalized and orthogonal. The sequence of the stages proposed in (feeding-
bottle1) is thus:

•rebootstrapping of lsn :

The Iso-zero of lsn , of major importance for the definition of crack, is unchanged;

•reorthogonalisation of lst  compared to lsn  fixed:

lst  is rectified compared to lsn  without modifying the bottom of crack  lsn=0 ∩ lst=0   ;

•rebootstrapping of lst :

The level-set lst  is initialized compared to its Iso-zero having been orthogonaliséE.

9.2 Resolution by method of fast marching 

In the continuation one will analyze two methods to reset and réorthogonaliser the level-sets. The first method (method
“Upwind”) can be only applied to rectangular elements in 2D and hexahedrons in 3D, an extension to all types of
meshs being possible with the use of an auxiliary grid. The second method (method “Simplex”) can be only applied to
the elements simplexes (triangles in 2D and tetrahedrons in 3D), a cutting of the meshs leaving this framework making
it possible to use this method with all types of meshs.

9.2.1 Method “Upwind”

It was seen previously that for the phase of propagation of a level-set, it was necessary to reset this one in order to
preserve a function outdistances signed. In other words, if it is supposed that the function ϕ( x⃗ , t=0)=ϕ0( x⃗)  check
for each node of the grid the property of a function outdistances signed given by |∇ϕ|=1  , the function level-set with

t>0  any more this property does not have. It is thus necessary to set up a process of rebootstrapping allowing ϕ  to
become again a function outdistances signed.

We propose a method of fast-marching here introduced by  Sethian [19], who solves the equation eikonale form:

|∇ϕ( x)|=F (x) , x∈Ω
ϕ(x )=0 , x∈∂Ω

 

With Ω∈ℝ
n  , n ∈{2,3}  and F  a function with positive values. 

The point which interests us here is only one typical case of this equation: when  F=1  . The solution gives the
function thus ϕ  signed distance. 

The principle of the method fast-marching consists in gradually propagating the data of the distance from the points
since the lowest values, i.e. close to the interface, at the most remote zones.

For the propagation of the level-sets, one uses the values around ls=0  to propagate information. Two calls to the
method are necessary to treat all Nœuds of the grid: the first call will discuss the positive items of the level-set and the
second the negative points.

For that, the method distributes the nodes of the grid in three categories:

• Frozen points: area of the grid where the points were already calculated (black circles); 
• Narrow band: Région close to the points already calculated (gray band); 
• Far away: together remaining points (white circles). 
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The method of fast-marching can do without the stage from reorthogonalisation because once the rebootstrapping of
lsn  carried out, one can initialize the values of lst on his Iso-zero not reorthogonalized by taking the values with the
nodes  obtained by a geometrical calculation. One will  be able to thus use these values as initial condition of the
method to propagate this information exact on lst  with the entire field. 

9.2.1.1 Discretization of the problem 

In the phase of rebootstrapping of a level-set one seeks to solve numerically a typical case of the equation eikonale:

∣∇ φ∣=1  (32)

If one notes Δ x  ΔY  and Δ Z  steps of space in x , y  and z , Udiscretization by finished difference upwind in this
equation is:

(
ϕi , j , k−ϕ1

Δ x )
2

+(
ϕi , j , k−ϕ2

Δ y )
2

+(
ϕi , j , k−ϕ3

Δ z )
2

=1  (33)

With vec: 

ϕ1=min (ϕi−1, j , k ,ϕi+1, j ,k )

ϕ2=min (ϕi , j−1, k ,ϕi , j+1, k)

ϕ3=min(ϕi , j , k−1 ,ϕi , j , k+1)

  ϕn∈ℝ   ∀n∈1,3 (34)

One seeks the solutions of trinomial second degree which approximates the equation (32) in the form: 

p (ϕi , j , k)=0
 

(35)

with:

p (ϕi , j , k)=(
ϕi , j , k−ϕ1

Δx )
2

+(
ϕi , j ,k−ϕ2

Δ y )
2

+(
ϕi , j , k−ϕ3

Δ z )
2

−1  

Two solutions of (35) are:
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(36)
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 The distance increases when we move away from the interface. The solution ϕi , j ,k  is evaluated in a point further
away  from the  interface  than  the  points  at  the  distances  ϕ1  ,  ϕ2  and  ϕ3  .  Thus  we  necessarily  have  that
ϕi , j ,k>ϕ1  , ϕi , j ,k>ϕ2  and ϕi , j ,k>ϕ3  . However we have: 

ϕi , j , k (Δx
2
Δ y

2
+Δx

2
Δz

2
+Δ y

2
Δz

2
)−(ϕ1Δ y

2
Δz

2
+ϕ2Δx

2
Δz

2
+ϕ3Δx

2
Δy

2
)

>ϕ i , j , k (Δ x
2
Δ y

2
+Δx

2
Δz

2
+Δ y

2
Δz

2
)−(max (ϕ1,ϕ2,ϕ3)(Δ y

2
Δz

2
+Δ x

2
Δz

2
+Δ x

2
Δ y

2
))
 (37)

Cela implies: 

(ϕi , j , k−max(ϕ1,ϕ2,ϕ3))(Δ x
2
Δ y

2
+Δ x

2
Δ z

2
+Δy

2
Δ z

2
)>0  because ϕi , j ,k>ϕn  ∀n∈1,3 (38)

Thus the solution (36) is necessarily the only acceptable one.

9.2.1.2 Implementation of the method

Digital discretization of the equation ( 32 ) by finished difference upwind is applicable only on hexahedral grids (or
rectangular in 2D) whose edges are well directed according to three directions  ( j1 , j2 , j3)  forming a base of ℝ

3  .
As for the method upwind, one uses an auxiliary grid to extend the method to irregular grids. 

We present here only one algorithm for the case ϕ  positive ( lsn>0  or lst>0 ), a simple multiplication by −1  of
this function allowing to treat the other side of the level-set. 

The algorithm set up is the following:

• Initialization
◦ One reference mark the nodes for which ls≥0  
◦ One reference mark points close to  ls=0  and  ls≥0  , i.e. the nodes (narrow band) of the

meshs cut by ls=0  , such as ls≥0  
Note: é such an amount of given that one wishes to propagate calculation towards the remote
zones, it should be made sure as a preliminary that these points provide a consistent initialization
from the point of view of a function outdistances. One carry out a geometrical calculation of the
level-sets on the elements cut by ls=0  . One affects the other positive nodes of the value +∞  .
They will belong to the unit far , whereas the negative points are included in a third unit known . 

• Buckle  
◦ As long as a node has  ls≥0 ,  one locates the node having the smallest value of  ϕ in the

narrowband.
◦ For each node around this minimum, one recovers ϕ1  , ϕ2  and ϕ3  as defined by ( 34 ). 

◦ One calculates for each node around the minimum his value by the formula clarifies (36).
• End of the loop 

9.2.1.3 Fast marching and geometrical method

1. N œ uds problematic 

To carry out calculations by the method fast-marching, one discretized the equation (32) by differenceS finishedS. It is
thus necessary to calculate the value of a node to have the necessary information  to apply the formula clarifies ( 36).
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For each calculated node, one must have recovered as a preliminary  ϕ1 ,  ϕ2 and ϕ3   : if these values then exist
calculation by the formula (36) is immediate. In the contrary case, i.e. if  ϕ1=+∞  or  ϕ2=+∞  or  ϕ3=+∞  , one
cannot apply the formula (36) because the lack of information will involve a bad approximation of the equation (32). 

To solve this problem, one can use the geometrical method for the problematic node by calculating his value directly. A
simple test in the code thus makes it possible to know if the point to be calculated is evaluated by the method fast-
marching or the geometrical method. To avoid possible problems, it is judicious to also do one  test on the sign of the
value under the root in the formula (36) .

Thus if: 
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 (39)

Calculation by the formula ( 36 ) is licit. Whereas if: 
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 (40)

The formula ( 36 ) is not valid any more and a geometrical calculation on this node is necessary. 

2. Rebootstrapping of lst

Once the rebootstrapping of lsn  carried out by the method of fast marching, one passes to the rebootstrapping of lst
without passing by the stage of reorthogonalisation. The main problems for this stage are that the Iso-zero of lst  is
not  orthogonal with  that  of  lsn .  The fast  marching being applicable only under the condition which the distance
increases  while  moving  away  from  the  interface,  one  can  start  the  method  around  the  Iso-zero  of  lst   non-
orthogonalized by carrying out a geometrical calculation for these nodes in order to recover the good values and to
propagate information like definite higher. The method goes thus réorthogonaliser  lst  and to allot the property of
function to him outdistances signed in a single calculation. To increase the precision and the localization of the bottom
of crack, one will carry out two rebootstrappings of lst after. The first rebootstrapping makes it possible to move the Iso-
zero so that this one becomes orthogonal with lsn  and the second will increase the precision on the localization of the
bottom of crack. The problem can come from the position of the Iso-zero from lst  before the first rebootstrapping. If
this position is too far away from the new position after rebootstrapping, one notes a localization of the bottom of less
precise crack. With two stages, one makes sure that the localization of the Iso-zero of lst  will not come to disturb the
solution.
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9.2.1.4 Application of the method upwind to a grid irrégulier

For the application of method the finite differences, one must use a very regular grid,  constituted by hexahedral meshs
in 3D and rectangular meshs in 2D, whose edges are well directed according to the directions base of space ℝ

3  in 3D

and  ℝ2  in 2D. That represents a very strong restriction for the creation of the grid and thus excessively limits the
cases which can be treated by the method.

A solution with this problem consists in using two different networks (feeding-bottle 12): a grid is used for the physical
structure ( physical grid ) and a grid is used for the representation of the level-sets ( grid level-sets ). The restrictions of
the method of finished differences apply only to this last grid. The values of the level-sets on the physical grid can be
calculated by projection of the values known on the grid level-sets. That is necessary for the localization of the bottom
of the crack in the physical grid. In fact, calculations of the breaking process are carried out only on this last grid. One
can thus carry out the update, the rebootstrapping and the reorthogonalisation of the level-sets by using only the grid
level-sets. After one can project the level-sets on the physical grid starting from the grid level-sets. Finally one can
calculate the factors of intensity of the constraints and the direction of propagation of the crack by using only the
physical grid. 

Projection makes it possible to also obtain geometrical independence between the two grids: the grid of the level-sets
does not need to be directed according to the directions base chosen for the physical grid and it can only occupy the
volume of the zone of propagation of the crack in the structure.

The nodes of the grid level-set, built as described above, thus constitute a group of dots aligned according to three
orthogonal directions. The grid formed by these points can be used for the application of the method “upwind”. In the
continuation of this document and the syntax of Code_Aster, the expression will be used auxiliary grid to indicate the
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whole of these points. Also, to simplify the notations used and to make them clearer, the term quite simply will be used
grid to indicate the physical grid.

9.2.1.5 Implementation of projection enters the auxiliary grid and the physical grid

In Code_Aster the auxiliary grid is not given like a set of well directed points but like a grid and thus some intermediate
stages are necessary for the application of the method of finished differences upwind. Indeed, for this method all the
points of the grid, taken coïncidents with the nodes of the grid level-set given, must be arranged according to the
directions of a local base. One must thus calculate this local base and after one must order the nodes and calculate
the distance between two successive nodes.

calculation of the local base is very easy because one can use the definition of the elements of the grid of the auxiliary
grid. Indeed, the edges of the elements are well directed compared to the axes of a local base and one can define this
base by taking edges which are orthogonal between them. In more one does not search that the direction of the axes
of the local base. One can thus use the edges of any element of the grid. In 3D, the first element of the grid of the
auxiliary grid makes it possible to determine from one of its nodes, the three edges which end in it, and thus  to
calculate the three unit vectors according to the three directions of the selected edges. In 2D one makes the same
operation with two edges.

For  the ranking of the nodes according to the directions of the axes of the calculated local base, one can use the
edges of the elements once again. For each node of the grid, one can select the elements which contain it. For each
selected element, one selects the edges which leave the node. Finally for each selected edge, one orders the points
according to one of the directions of the local base of the grid by using the scalar product between the edge and the
unit vectors of the local base and one can calculate the distance between the nodes of the edge. In 3D the algorithm
set up is the following (all the vectors are represented in the base chosen to represent the nodes of the physical grid):

• One locates the three unit vectors of the local base: j 1  , j 2  and j 3  
• Buckle on the nodes N  grid

• One initializes to zero the stored values of the six nodes which are connected (successive or preceding) to
the node N  according to the three unit vectors of the local base

• One locates the elements which include the node N  in their definition
• Buckle on the elements select

• One locates the three edges which leave the node N
• Buckle on the three selected edges

•  The vector is calculated NA  between the two nodes of end of the edge. This vector is directed

according to the direction which goes from the node N  with the other node A  end of the edge. 
• The components of the vector are calculated NA  according to the local base:

NA1= N⃗A⋅j1  

NA2=NA⋅j 2  

NA3=NA⋅ j 3  
• One calculates the tolerance which is used to check if a component is worthless. This value is

calculated like a percentage p  (fixed at 1% in Code_Aster ) length of the vector: 

lmax=p⋅∣NA∣  
• The component is located n  larger: 

=max ∣NA1∣,∣NA2∣,∣NA3∣,   
n∈[1,2 ,3]/=∣NAn∣  

• It is checked that the two other components are worthless ( lmax ), if not one stops with an error
message. In fact, that means that the edges of the grid all are not aligned according to the three
same directions. 

• If NAn0 , then the node is stored A  like the node successive DU node N  according to the

direction j n . If NAn0 , then the node is stored A  like the node precedent node N  according

to the direction j n . One stores too   like the value of the distance enters the nodes A  and N
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according to the direction j n . If  NAn=0 , then one stops with an error message because that
means that several nodes of the element are coïncidents. 

• End of the loop
• End of the loop

• End of the loop

In 2D one can use the same algorithm by taking only two edges by node and thus two components. It is very important
that  before the beginning of  the first  loop one initializes  to  zero  the values stored with  the six  nodes which  are
connected to the node N  . Indeed, if the number stored of one of these nodes is equal to zero, one can deduce from
it that the node N  does not have a preceding or successive node according to a well defined direction. 

The arrangement of the nodes according to the directions of the axes of the local base of the grid must be carried out
only once before the use of the method upwind.

In description above, one said nothing on the modifications that one must bring to the code before the phases of
rebootstrapping and reorthogonalisation of the level-sets. In fact, there are not great changes to make. The calculation
of the factors of intensity of the constraints and the speed of advanced bottom of crack are not affected [§7.1]. The
algorithms used for the phases of extension of the field speed to the grid roasts [§7.2] and adjustment normal speed
[§7.5] do not change but one must give as starter to utilities correspondents nodes of the auxiliary grid and not those of
the physical grid. For that, the changes of the code to be made can be realized very quickly because the values the
speed of advanced bottom of crack are independent of the physical grid. In fact, the calculation of G , K I  and K II  is
led on the physical grid but the values of these sizes are related to the points of the bottom of crack which are stored
independently compared to the grid used. That makes it possible to carry out the extension of the field speed and the
adjustment normal speed directly on the grid auxiliary, by projection on the bottom of crack discretized by segments, no
projection of field speed between the physical grid and the grid not being necessary because they use both the same
discretization of the bottom of crack. Lastly, for the phase of update, nothing changes in utilities except information on
the grid used (physical or level-set): the data are the same ones and are stored with the nodes of the grid.

In the presence of grids made up of a large number of elements, projection between the auxiliary grid and the physical
grid can take much computing time. If one looks at the use of the level-sets for the physical grid, one can say that it is
not necessary that one knows the value of the level-sets for all the nodes of this grid. Indeed, in the physical grid, one
uses the level-set for three calculations:

1. the representation of the bottom of the crack,

2. the calculation of the local base in each point of the bottom of the crack,

3. the energy calculation of the factors of intensity of the constraints.

For the first and the second point, it is enough that the value of the level-sets is known for the nodes of the elements
cut by the bottom of crack. For the last point it is enough that the value of the level-sets is known for all the nodes
which are understood in the volume of the grid used for energy calculation. This volume coincides with a torus built
around the bottom of crack. The ray of this torus is specified by the user in the energy operator used for calculation, for
example CALC_G.

Three calculations above define three groups of nodes for which the value of the level-sets must be known. The group
defined for energy calculation (point 3) includes the others. It is thus enough that one selects in each grid (physical and
roasts auxiliary) the nodes which are understood in the torus described above and which one makes projection only
between the two groups defined by these nodes.

One can select the nodes to be projected if the distance between each node of the grid and the bottom of crack are
known. For the auxiliary grid this distance is already calculated by the routine which extends to the nodes of the grid
the known field speed in bottom of crack [§7.2]. In this case, the selection of the nodes to be projected is thus fast. On
the other hand, for the physical grid this distance is not known and it must be calculated by using the same algorithm
as that described with [§7.2].

Projection can be put in work by using the operator PROJ_CHAMP available in Code_Aster.

As described above, one already selected the nodes of the physical grid for which the value of the level-sets must be
known. The selection is made by taking all the nodes which are understood in the torus used for energy calculations
(point  3 above).  That makes it  possible  to have immediately  the field  on which the field  is  project  with  the form
requested by PROJ_CHAMP. On the other hand, an additional work is necessary to define the field of the field to be
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projected. One can select the nodes of this field (on the grid level-sets) by using the torus already used to define the
other  field. Then one can define the field of the field to be projected by seeking the elements which have at least one
of the nodes selected with the preceding technique.

The last problem to be solved is the following: which value does one have to take for the ray of the torus used for the
selection of the nodes to project? It was already said that the value used in the operator of energy calculation (point 3
above) is that which one must use. Unfortunately this value is not known of the operator PROPA_FISS. One can thus
use the value of the parameter RAY of this operator who defines the torus around the bottom of the crack used for the
calculation of the local residue. It must be increasingly larger than the value of the ray used in the operator of energy
calculation because, after the propagation, the properties of orthogonality and signed distance from the level-sets are
guaranteed only in this torus. However the distance to be used for the selection of the nodes must be calculated
between each node and the new position of the bottom of the crack after the propagation. This position is defined by
the new values of the level-sets after the propagation which are known only for the auxiliary grid. The new position of
the bottom will be known for the physical grid after projection. The selection of the nodes interested by projection must
thus inevitably be put in work starting from the position of the bottom of the crack before the propagation. The torus to
be used must thus include all the possible news positions of the bottom of crack and all the nodes of the torus used for
the calculation of the local residue.

 
One can look at the example given figure 9.2-4 for a crack in 2D. The maximum advance of the crack is chosen by the
user by using the parameter DA_MAX of the operator PROPA_FISS. The position of the bottom of the crack after the
propagation is thus understood in the circle of center coinciding with the position of the bottom before the propagation
and of ray equal to the value of DA_MAX (circle 1 of the figure). The nodes used for the calculation of the local residue
are understood in the circle of center coinciding with the position of the bottom after the propagation and of ray equal to
the value of the parameter RAY of the operator PROPA_FISS (circle 2 of the figure). For projection one can thus select
all the nodes understood in the circle of center coinciding with the position of the bottom before the propagation and of
ray equal to the addition of DA_MAX and RAY (circle 3 of the figure).

It should be observed finally that projection suggested above calculates the new value of the level-sets only for the
nodes which  were  projected.  However,  for  the  good performance of  other  routines  X-FEM of  Code_Aster ,  it  is
necessary that the level-sets of the physical grid are defined p our all nodes. For that one can simply preserve the
value of the level-sets for all the nodes which are not affected by projection. Each time, one can thus take the level-
sets of the physical grid before the propagation and one can change the value of the level-sets only for the nodes
affected by projection. This solution is very simple to develop in the code and is very fast. In more it guarantees that
the existing surface of  the crack and the bottom of  the crack are always  correctly  represented by the level-sets
because the results of each projection are preserved behind bottom of crack. An example is given figure 9.2-5 . On the
left of the figure one sees the configuration of the level-sets before the update. The surface of the crack is represented
out of orange and the bottom is marked with small an orange. The configuration of the level-sets after the propagation
(and projection) is visible on the right. Only the level-sets with the nodes in circle 3 were replaced by the new computed
values on the auxiliary grid. The new surface of the crack is represented in red and the new position of the bottom is
represented by a small red.  position of the bottom before the propagation is always marked by an orange point. One
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Figure 9.2-4: selection of nodes to be
projected
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can see that the surface of the crack which existed before the propagation is preserved by projection (red line on the
right of orange point), as well as the continuity of the surface of the crack between the field of projection (circle 3) and
the remaining part of the physical grid (the red line is the continuation of the orange line). With definition of the field of
projection used, the level-sets around the position of the bottom of crack before the propagation (not orange) are
always affected by projection and there are thus no risks that false funds of crack are detected ( lsn=lst=0  ) after
projection. One can as note as the level-sets are discontinuous for the physical grid but that is not important. Indeed,
the properties of orthogonality and signed distance from the level-sets are guaranteed for all  the nodes implied in
calculations on the physical grid. 

Figure 9.2-5: configuration of the level-sets on the physical grid before (on the left) and after
(on the right) the propagation. The zone where the level-set tangent is negative is Teintée in

gray. The surface and the bottom of the crack are represented out of orange before the
propagation and red afterwards.  

It should be noticed that the level-sets are put up to date on all the nodes of the auxiliary grid and that for this grid their
representation is correct everywhere. Thus for the auxiliary grid there are not discontinuities which one finds on the
physical grid after projection (figure  9.2-5 ), except in the case of use of the localization of the field of calculation
described in the paragraph [§ 10 ], which does not represent a problem. 

9.2.2 Method “Simplex”

The use of the auxiliary grid is not always convenient for the user, especially for complex structures. Accordingly, a
method based on the same idea that the method upwind was developed. Always with an algorithm of fast marching, we
simply will modify calculation on the level of the element and will work directly on elements simplexes [22] (triangle,
tetrahedron).

 

Figure 9.2-6: Method simplex on a
triangle
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To simplify the things, let us take the example of a case 2D. One considers a mesh triangle with x1  , x2  and x3 ,
coordinates of the three nodes of the triangle (see Error: Reference source not found). By supposing the linear bottom
of crack per pieces, one can project each point on this one. n  is thus the normal, unknown factor and constant by
element. 

While keeping in mind that the three points are projected on a line of normal  n , one has  d 1 ,  d 2  and  d 3  who

represent the values of the level-set on each of the three nodes. d 1  and d 2  being known, one thus seeks a means of

calculating d 3 . The idea used amounts writing the equation of the projection of a point on a line for x1 , x2  and x3 .
One a: 

{
d 1=x1⋅n+d
d 2=x2⋅n+d
d 3=x3⋅n+d

 (41)

Or: 

{d 1−d 3=(x1−x3)⋅n
d 2−d 3=(x2−x3)⋅n

 ⇔  {d 1=(x1−x3)⋅n+d 3
d 2=(x 2−x3)⋅n+d 3

 (42)

There is thus a system of two equations and three unknown factors. To obtain a solution, one will put the system in
vectorial form: 

V t n+d 3 I=d  (43)

With: 

V=(x1−x3, x 2−x3)∈M 2(ℝ)

d=(d 1 , d 2)
t

I=(1,1)t
 (44)

V  is invertible because the meshs are not degenerated, which makes it possible to write the unknown factor n  in the
following form: 

n=V −t
(d−d 3 I )  (45)

n  being an unit vector, one can eliminate this equation from our system by writing that  1=nt n  . By using the

expression ( 45 ) , one finds oneself with a quadratic equation where d 3  is the solution: 

1=ntn=(d3)
2 ItQI−2(d3)I

tQd+d tQd   has vec Q=(V t V )−1  (46)

One finds oneself with two solutions for the quadratic equation. For a consistent solution, it is necessary to choose the
largest root of the equation.

Choice of the solution of the quadratic equation

The resolution of the system (46) conduit with two solutions:

x1=
I tQd +√( I tQd )2− I tQI (d tQd−1)

I tQI
 (47)

x2=
I tQd−√( I tQd )2

−I tQI (d tQ d−1)

I tQI
 (48)
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These two solutions are valid, but for our problem, one chooses to keep (  47 ) because it  is the only one which
observes the condition of obtaining values of level-set increasing d3>d2  or d 3>d 1  . 

One observes several possible configurations in our problem. Let us examine all to be convinced of the choice of this
solution.

 
In first configuration (see figure (9.2-7) ), one knows the value of the level-sets at the points a  and b  and one seeks

the value at the point c . The solution x1  of (47) give a normal n⃗1(0 ; 1)  and the solution in x2  of (48) give a normal

n⃗2(0 ;−1) .

The solution (47) is thus that which gives the exact solution of the value of the level-set to the point  c , and which
observes the condition  ls (c)>ls(b)  or  ls (c)>ls(a) . The value obtained with the solution (48) in this case gives
ls (c)< ls(b)  and ls (c)<ls(a) .

The field of validity of the solution (47) for our problem can be identified. One looks at the case or the quadratic
equation has only one root (root doubles), to see figure (124).

  

O N sees the two configurations of a mesh triangle which generate a double solution to the problem (discriminant
equal to 0  ). One can thus identify the fields where the solution ( 47 ) and the solution ( 48 ) are valid on the figure (
9.2-9 ). 
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Figure 9.2-7: First configuration

Figure 9.2-8: Second configuration
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The solution ( 47 ) is exact for our problem when a⃗b⋅⃗MN≥0  , and the solution ( 48 ) when a⃗b⋅⃗MN≤0  . 

The idea of the method being to leave the lowest values of level-set, close to the Iso-zero and to propagate these
values, one sees that the solution (47) is best adapted. One thus chooses to take the largest root of the quadratic
equation in our process of rebootstrapping of the level-sets, whatever the configuration. The force of the fast marching
is to calculate several times the value of the level-set for the same node in various configurations around a node and to
keep the best value. That thus corrects the pathological cases where one had taken the solution (47) whereas it stayT
(48) who calculated the exact solution (i.e it  exists at least a mesh containing the node in question for which the
solution (47) is valid).

To guarantee that the solution is monotonous increasing, one can add a criterion to the choice of the solution. 

  
Are d 1 , d 2  and d 3  values of the level-set on an unspecified mesh triangle. It be thus wished that if d 1  and d 2

increase then d 3  increase too. The idea is to consider a gradient of level-set: 

∇d d 3=(∂ d 3

∂ d 1

;
∂ d 3

∂ d 2
)  (49)

Comme the solution is monotonous increasing, one wants (∇d d 3)i>0 , i∈⟦1 ;2⟧ . By deriving the quadratic equation
(46), one a: 
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Figure 9.2-9: Third configuration

Figure 9.2-10: Fourth configuration
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2d 3∇d d 3 . I tQI−2∇ d d 3 . I tQd−2 d 3QI +2Qd=0  (50)

D ‘where: 

∇d d 3=
Q (d−d 3 I )

I tQ (d−d 3 I )
=

QV t n
I tQV t n

 (51)

So that (∇d d 3)i>0  , it is necessary that: 

{(QV
tn)i> 0, i∈⟦1 ;2⟧

(QV tn)i< 0, i∈⟦1 ;2⟧
 (52)

It was seen previously that if d 3>d 2  and d 3>d 1  , one has (V t n)i<0  . Like Q  is symmetrical defined  positive,

the only possibility so that (∇d d 3)i>0  is that (QV t n)i< 0,i∈⟦1 ;2⟧  . In 2D, that means that n⃗  must come from

the interior of the triangle. 

Proof

One has QV tV= I  and one poses QV
t
=B=(u⃗v⃗)  . One thus has BV=I ⇔{

u⃗⋅⃗ca=1
u⃗⋅⃗cb=0
v⃗⋅⃗ca=0
v⃗⋅⃗cb=1

 

 

To satisfy the problem, one poses ∥u⃗∥=
1

∥c⃗a∥cos (α)
 and ∥v⃗∥=

1

∥c⃗b∥cos(β)
  where cos (α)et cos(β)≠0  . One

wants (Bn)i<0⇒{u⃗⋅⃗n<0
u⃗⋅⃗n<0

⇒ n⃗  comes from the interior of the triangle.

9.2.2.1 Algorithm of the method simplex

The course of the meshs in the structure remains similar to that of the method upwind. One selects the node where the
level-set reaches its minimum and one explores the triangles around this one to calculate the values  unknown factors.

• For each triangle of the grid, one calculates the quadratic equation and one keeps the largest root

• Direction of propagation n=V−t (d−d 3 I )  , is used to check a criterion of monotony. 

(QV t n)i<0, i∈⟦1,2⟧  (53)

While replacing n  in (53), one a: 
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(Q (d−d 3 I ))i<0, i∈⟦1,2⟧  (54)

This criterion means that n  must come from the interior of triangle. The monotony of the solution thus is ensured. 

 

• If this condition is not observed, one takes the minimal value of with dimensions triangle. 

d 3=min {d 3 ,∥x1−x3∥2 ,∥x2−x3∥2}  (55)

Note: Generalization in 3D is very natural, the formulas being the same ones. The only difference comes at
the time when the condition (Q (d−d 3 I ))i<0, i∈⟦1,3⟧  is not respected any more: one then calculates the
smallest distance on each face of the tetrahedron and one keeps smallest. 

Contrary to the method upwind, one does not need more the geometrical method for the points of the edge. The
geometrical method is only used to obtain the values of tangent initialization of the level-set, always in the idea that the
level-sets must remain orthogonal between them.

9.3 Calculation of the level-sets near the Iso-zero

The methods presented previously give exact results only if the Iso-zero of the level-sets pass indeed by nodes. When
the Iso-zero  passes between two nodes,  she tends to be slightly  deformed during rebootstrapping.  A calculation
algorithm of the Iso-zero is thus set up. This one geometrically calculates the distances signed on the nodes of the
meshs cut or tangentées by the Iso-zero of the level-set and fixes the computed value for rebootstrapping.

Concerning the reorthogonalisation, the values of lst  located on surface lsn=0  do not have to be modified; one
will thus benefit from the calculation algorithm from lsn  to calculate the values of lst orthogonal on the elements cut or
tangent by lsn=0  and to solidify these values during the phase of reorthogonalisation. For that, the value of lst  is
interpolated on the triangles IJK  that one can form with the points of intersection  lsn=0 ∩arêtes . So for a node

M , the orthogonal projection of M  is inside IJK , one interpolates the value of lst M   like lst  point project. If
not, lst M   is calculated like lst  project brought back inside the triangle IJK  (Figure 9.3-1).
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Figure 9.3-1 : Calculation of distance and interpolation from lst on the elements cut by lsn=0 .

In 3D, the algorithm set up after the propagation of lsn  and before its rebootstrapping is the following:
•Buckle on the meshs

•So at least three nodes of the mesh are on lsn=0 , one locates it like nets crossed
•If the mesh has an edge [AB ]  such as lsn  A . lsn B 0 , the cut mesh is located

•End of loop 
•Buckle on the nodes

•If the node belongs to a cut mesh, it will be to calculate
•End of loop 
•Buckle on the nodes P  to calculate

•Buckle on the cut meshs whose node is top
•Buckle on the edges [AB ]  mesh

•If lsn  A . lsn B ≤0 , the point is interpolated I AB  : 

AI AB=s .AB  with  s=
∣lsn  A ∣

∣lsn  A ∣∣lsn  B ∣
 

and  lst  I AB =lst  A s .  lst  B −lst  A    
•End of loop

•Buckle on all the triangles IJK  that one can form with the points I AB

•The project is calculated M  of P  on the triangle IJK
•One locates if the point project M  is inside the triangle
•The distance is stored d=PM  
•One interpolates linearly lst M   from lst  I   , lst  J   and lst  K   

•End of loop
•End of loop
•Among the distances PM  calculated one searches the smallest distance with M  inside IJK .

If no projection inside  IJK  was not found, one takes just the smallest calculated distance
and the value of lst  corresponding.

•One stores the values of d  and lst  corresponding for the node P .
•End of loop 
•One replaces lsn  and lst  on the nodes to be calculated by the new values stored of D and lst.

Located nodes as “calculated nodes” have level-sets which are then fixed during the phases of rebootstrapping of lsn
and of reorthogonalisation of lst .
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The algorithm launched after the phases of propagation and reorthogonalisation of lst  and before its rebootstrapping
is the same one, but it calculates only the distances lst , same manner as lsn  previously, without touching with the
values of lsn .

The algorithm describes above is valid only in 3D because in 2D one cannot form triangles. Indeed two points of
intersection only can be detected for each element.

To use in 2D the same algorithm that for the case 3D, one can use the following solution. One forms a triangle using
the two points of intersection ( A  and B ) and a virtual point ( C ). This one is selected so that the formed triangle is in
an orthogonal plan with the plan of the model (plan X−Y ). To avoid digital problems, coordinated virtual point ( C )
are calculated in the following way:

• X ,Y  = coordinated point medium of the edge connecting the two points of intersection ( A  and B ),

• Z  = distance enters the two points of intersection ( A  and B ).
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10 Localization of the field of calculation of the level-sets

In the paragraph [§9.2.1.5] it was said that, in the case of the use of an auxiliary grid for the method upwind, the values
of the level-sets are put up to date, reset and réorthogonalisées for all the points of the grid but that only the values in
an area around the bottom of the crack are projected on the grid of the structure. That shows that the update of the
level-sets, their rebootstrapping and their reorthogonalisation are necessary only in the area around the bottom of the
crack, independently of the use or not of an auxiliary grid, and that the already definite field for projection between
auxiliary grid and grid of the structure ([§9.2.1.5]) can also be used to locate the field of calculation. An advantage of
this localization is obviously that the computing time necessary for the update and the rebootstrapping of the level-sets
is lower compared to the case where all the nodes and elements of the grid or the auxiliary grid are used. In fact, if the
level-sets are put up to date into cubes nodes/points which are very far from the bottom of the crack in the presence of
oscillations on the angle and the propagation velocity  between successive points of the bottom of the crack, the Iso-
zero of the level-set normal can present irregularities very marked because of the linear variation imposed at the
normal speed ([§7.5]). An illustrative example is described figure 10-1 and appears 10-2. One shows there a crack 3D
being propagated in mixed mode according to an angle of propagation which changes in a linear way along the bottom
of the crack. Small disturbances were superimposed on the theoretical value waited, with the result that the variation of
the angle  of  propagation with  the position on the bottom is  not  perfectly  linear (figure  10-1).  These disturbances
simulate the presence of small errors in a digital calculation of values of angle.

 
Even if the disturbances of the angle of propagation, and thus normal speed, are small, they are amplified by the linear
variation imposed on this component speed in the field of calculation, which is very clear if one visualizes the Iso-zero
of the level-set normal after the only phase of update (figure 10-2 ). The localization of the field of calculation makes it
possible to limit this effect (figure 10-3 ). 
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Figure 10-1: initial configuration (on the left) of the simulation of a propagation
except plan of a crack 3D according to an angle of propagation which changes
in an almost linear way compared to the position considered on the bottom of

the crack (graph on the right).

Figure 10-2: Iso-zero of the level-set normal after the only phase of update.
The angle of propagation of the figure 10-1 was imposed. The plan of the

initial crack was superimposed for comparison.
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Figure 10-3: Iso-zero of the level-set normal obtained with a restriction of the
field of update to compare with that of the figure 10-2. It should be noticed

that for this figure the plan of the initial crack was not represented, contrary
to what was made for the figure 10-2. One can thus conclude from it that the
value of the level-set was not changed for the points apart from the field of

calculation.

  

10.1 Localised selection of the nodes/points and the elements of the field of calculation

The field to be used for the localization is that already definite for projection between the auxiliary grid and the grid of
the structure ([§9.2.1.5]). Indeed this field is extended to all the points used for mechanical calculations and it makes it
possible to preserve the surface of the existing crack, like already shown (figure 9.2-5). The methods will be applied
only to the nodes and the elements contained in this field, which is defined by circle 3 of figure 9.2-4. In 3D this field
coincides with a torus built around the bottom of the crack and radius equal to that of circle 3. In all the case the ray of
the field localised is thus equal to:

Rloc= aRcalcG  

where   a  is the projection of the crack to be imposed (selected by the user) and RcalcG  is the ray of the field used
by CALC_G.
One can thus first of all select the nodes of the grid or the grid which have a distance to the bottom of the lower crack
or equalizes with Rloc  (figure 10.1-1 on the left). This distance can be calculated in a very fast way because for each
node one knows already his project on the bottom of crack ([§ 7.2]). Then one takes all the elements which have at
least  one of  the nodes selected previously (gray elements of the figure  10.1-1 of right-hand side).  That makes it
possible to correctly select  all  the elements which are cut  by the border of  the field and which thus are partially
contained in the field. In this way, all the surface (or volume in 3D) of the field is correctly covered by the selected
elements. Finally the list  of the nodes of the field must be updated by adding the nodes of the elements partially
contained in the field (nodes marked with a small circle on the figure 10.1-1 of right-hand side). The way fastest and
easy to do it is to rebuild the list by taking all the nodes of the selected elements. Once the list of the nodes at up to
date summer put, the value of the ray Rloc  discretized field, i.e. field consisted the selected nodes and elements, must
be updated by taking the value with the node of the field discretized more far from the bottom. This operation is
necessary for the part which will follow ([§10.3]).
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Figure 10.1-1: example of selection of the nodes and the elements of the field of
localization. It is supposed that this field coincides with the circle of the figure. The first

stage (on the left) is  the selection of the nodes at a lower distance or equalizes with
Rloc . The selected nodes are marked with a small triangle. Then the elements which

contain at least one as of these nodes in their definition are selected (gray elements on
the right). Finally one selects all the nodes of the elements which were taken: the nodes

marked with small circles come to be added to those which were selected at the
beginning.   

10.2 Displacement  of  the  field  located  in  following the  propagation  of  the
crack

The update and the rebootstrapping of the level-set are made exclusively with the nodes defining the field
localised (nodes marked with triangles and circles on the figure 10.1-1 of right-hand side). That means that
the values of the level-set to the nodes outside the field localised are not changed, which poses problems
during successive steps of propagation. The situation is illustrated figure 10.2-1 for a point  P1  in the plan

t−n  (plan e1−e2  figure 4.1-2). At the beginning of the propagation the bottom of the crack coincides with

the point P1  and the field located with the circle 1 . To simulate the propagation, the level-set are put up to
date and reset only in this circle. The new position of the bottom after the first step of propagation coincides
with P2 . With the second step of propagation, the bottom of the crack coincides with the point  P2  and a

new field 2  is built around this point for the update and the reinitalisation of the level-sets. The value of the

level-sets was not put up to date at the step of propagation precede for all the points by 2 : only level-sets

of the points of 2  in common with 1   (points of the gray surface of the figure are up to date 10.2-1). For
all the other points, the value of the level-sets is that which one had at the beginning of the propagation. The
good values in these other points must thus be calculated at the beginning of the second step of propagation.

Figure 10.2-1: displacement of the field located between two successive steps of
propagation. The bottom of the crack moves P1  with P2 .  
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The calculation of the good values of the level-sets for all the points in the white area of the field 2  figure
10.2-1 can be made by using the definition of distance signed of the level-sets ( feeding-bottle14). For each
point M  in this area (figure 10.2-2), the level-set can be calculated like this:
     

nM =M P2⋅n2  
t M =M P2⋅t 2  

These equations make it possible to calculate the good value of the level-sets with the good sign. It should be
noticed that, in the case 3D, the point P2  is the point project of the point M  on the bottom of the crack. For

each point  M , its project and the base n2−t 2  were already calculated during the phase of extension the
speed of the bottom of the crack to the points of the field of calculation ([§7.2 ] ).  All  the ingredients of
calculation are thus already available and for each point M  the evaluation of good the level-set is limited to
the calculation of two scalar products, which is very fast to make. 

Figure 10.2-2: calculation of the good values of the level-sets at the points of 2

who are outside the field 1  preceding step of propagation. Is calculated all at the
beginning of the current propagation, i.e. before the update and the

rebootstrapping of the level-sets.  

It should be noticed that even if the values of the level-sets calculated by the equations above are not very
precise,  the phase  of  update is  used  only  for  initialization of  these  last  and  good the level-sets  will  be
recovered by the phases of rebootstrappings.

10.3 Limitations  on the  value  of  the  ray  of  the  field  located  between two
propagation successive

Equations given to the paragraph  133 for the calculation of the good values of the level-sets can be only
applied to the points for which the base n2−t 2  is valid for the calculation of the signed distance. That means

that the point M  must belong to the half-plane shown figure 10.3-1, which contains the base n2−t 2 , bottom

of the crack P2  and which has as an edge a normal line with the edge connecting P1  and P2  parallel with

n2 .
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Figure 10.3-1: definition of the half-plane to which the point M  figure
10.2-2 must belong so that the equations of calculation of the level-sets

of the paragraph 133 are valid.  

This condition on the position of the point M  results in a condition on the maximum value of the ray R2  field

2 : the maximum value is that for which two points of intersection ( A  and B ) between the two fields 1

and 2  are on the edge of the half-plane of validity of the equations, as indicated figure 10.3-1. These two

points are always symmetrical compared to the edge connecting P1  and P2 . The maximum value of the ray

R2  can thus be calculated easily:

R2≤√Δ a 2+R1
2  

The value of the ray of the current field thus is limited by the values of the projection of the crack and the ray
of the field used with the preceding step of propagation. Normally it is no beneficial to change the value of the
ray of the field between two successive propagations. In this case, like R1  is equal to R2  , the inequality on

R2   whatever the value of the selected projection is necessarily checked. 
It should however be noticed that the value of the ray of the field can change compared to the theoretical
value given by the user because of discretization of the field ([ § 10.1 ] and appears 10.2-1 of right-hand side).
Therefore, even if one gives R2=R1  with the current step of propagation, the actual value of the ray of the
field will be the following one: 

R2 eff=R2 R2=R1 R2  

where  R2  is the increment of the ray R2  because of discretization of the field, which is about the average
length of the edges of the elements around the localised border of the field (see figure 10.2-1 ). 
For the same reason, the actual value of the ray R1  with the preceding step of propagation can be different
from the theoretical value given by the user: 

R1 eff=R1 R1  

where  R1  is the increment of the ray R1  because of discretization of the field, which is about the average
length  of  the  edges  of  the  elements  around  the  border  of  the  field  located  with  the  preceding  step  of
propagation. 
Thus the inequality above can be written in the following form:

R1 R2≤ a2
R1 R1 

2
 

If the length of the edges of the auxiliary grid used is uniform in the field,  R2≈ R1 , and the inequality is

always checked. On the other hand, if this length changes in the field, one could have  R2 R1  and the
inequality could not be checked. 
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In this last case one must inevitably refine the grid (or the auxiliary grid) to reduce the difference enters  R1

and  R2  or to use a projection of crack  a  higher.
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11 Direct calculation of new the level-sets after projection

An alternative method with the methods of update of the level-sets is that described in (feeding-bottle 18) . It is derived
from the analysis of the equations of update of the level-sets described in the paragraphs 8.1 : one manages to show
that the process of update of the level-sets can always be brought back to a process 2D in mode III  in the plan
formed by the tangent and the normal on the surface of the crack in bottom of crack (plan nP−tP  figure 7.3-1 ). That
makes it possible to enormously simplify the direct calculation of the new values of the level-sets after projection. This
calculation was indeed already clarified in the paragraph §10.2 concerning the evaluation of the level-sets for the
points except field of calculation which are added. The equations which are described there can be used if the new
position of the bottom is known. By knowing that the problem of update of the level-sets can always be brought back to
a problem 2D, the new position of the bottom can be easily calculated starting from the projection of the crack and the
angle of propagation at the point of the bottom considered. 

11.1 Method of calculating of the level-sets

Up these ideas are taken figure 11.1-1 , which shows the configuration of Iso-surfaces of the two level-sets around a
point P  bottom of a crack 3D obtained by the process of update describes in the paragraph § 8.1 

 
A point  is considered  M  field of  calculation where one must calculate the new value of the two level-sets.  One
projects this point on the bottom of the crack by using the same algorithm as that described in the paragraph 7.2 and
the point is obtained P  (figure 11.1-1 ). The local base tP , nP  and the speed of projection V P  at the point P  can
be calculated as described in the paragraphs 7.2 , 7.3 and 7.4 . For the angle of propagation, one uses the same linear
interpolation as that used for speed (see paragraph §7.2 and appears 7.2-2:

= J−I ⋅sminI  (56)

The projection of the crack at the point P  bottom can thus be easily calculatedE: 

 a=∥V P∥⋅ t⋅sin⋅nPcos ⋅tP   (57)

Où   t  is the time or, in equivalent terms, the number of cycles of tiredness to simulate with the current step of
propagation (see discussion of the paragraph 8.1).

The new position Q  point P  bottom can thus be calculation ée like this  : 
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Figure 11.1-1: Iso-surfaces of the two level-sets obtained by the standard
process of update, with rebootstrapping and reorthogonalisation. P  is a point

of the bottom of a crack 3D. Q  is the new position of this point after a
projection of  a  with an angle of propagation  .
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OQ=OP a  (58)

Où O  is the point origin of the total base in which the coordinates of the points are expressed.

Finally the base at the point Q  can be calculated by a rotation of angle  base at the point P around the normal axis

with the plan tP−nP  : 

tQ=cosβ⋅tP+ sinβ⋅nP

nQ=−sinβ⋅tP+ cosβ⋅nP

 (59)

All ingredients of the calculation of level-sets are now known. One can thus use the same equations as those used in
the paragraph 10.2 : 

ϕn(M)=Q⃗M⋅nQ  and ϕt (M)=Q⃗M⋅tQ (60)

In order to preserve the existing surface of the crack (Iso-surfaces in gray of the figure 11.1-1), the level-set normal
with the equation above is calculated only at the points of CMaine where ϕt (M)>0 .

11.2 Treatment of the problematic points

Equations written in the preceding paragraph apply if the vector PM  is in the plan tP−nP  (figure 11.1-1) (feeding-
bottle18). That is not the case for all the points which do not have a point of normal projection on the bottom of the
crack. In this case a point end of the bottom is selected like point project P by the algorithm of projection describes in
the paragraph 7.2.

These problematic points can be treated by a rotation of the base  tP , nP  who allows to restore the condition of

coplanarity of the plan tP−nP  and of the vector PM   or  QM  (feeding-bottle 18). 

 
A problematic example of point is visible on the figure 11.2-1a. To restore the condition of coplanarity, one can make a

rotation   base tP , nP  around the vector nP  in such a way that the plan tP
*
−nP  the point contains M  (figure

11.2-1 b). Indeed, of this way the new position of the point P  after propagation (not Q  of figure 11.1-1 ) is contained

in the plan tP
*−nP , which makes it possible to check the condition of coplanarity. 

The nouvewith the vector t P
*  can be calculated starting from the project M *  point M  on the normal level with the

axis nP  (figure 11.2-1 b). One calculates initially : 

M⃗*M=( P⃗ M⋅nP )⋅nP
 (61)
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Figure 11.2-1: a) problematic example of point. b) rotation of the
base at the point P  to restore the condition of coplanarity the

plan enters tP−nP and vectors PM   or  QM .
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CE which makes it possible to obtain it new vector: 

t P
*=
PM−M* M

∥PM∥−∥M* M∥
 (62)

To correctly take into account the sign of level-set tangent, L E vector t P
*  must be reorientated according to L direction

has D onnée by t P  ( feeding-bottle 18 ): 

t P
'
=
tP

*⋅tP
∥tP

*
⋅tP∥

⋅tP
*
 (63)

If two vectors t P
*  and t P  are orthogonal, the equation above cannot be applied but one can write immediately that  : 

t P
'
=tP

*  (64)

The use of the vector t P
'  instead of t P  in the equations of the paragraph §11.1 allows to calculate them well level-sets

for the problematic points. 

11.3 Discontinuity of level-set normal and limitations of calculation

The fact of calculating level-set normal only at the points M  for which ϕt (M)>0  involve a discontinuity of level-set
normal, as shown in (feeding-bottle 18). The situation is illustrated figure 11.3-1 . level-set normal was not recomputed
in the zone coloured in implying gray a discontinuity of Iso-surface enters the zone in gray and the zone where level-
set was recomputed. 

As shown in (feeding-bottle 18), this discontinuity does not cause any problem for calculations X-FEM (identification of
the new meshs cut  in particular).  Moreover, the continuity of  the Iso-zero of  level-set  normal is preserved, which
ensures the continuity of the surface of the crack. The only condition to respect to manage this discontinuity relates to
the maximum value of the ray of calculation of CALC_G (see U4.82.03). The purpose of this condition is to prevent that
the field of calculation of CALC_G discontinuity (gray circle of the figure contains 11.3-1 ) : 

Rmax= amax⋅cosmax  (65)

Où one takes the maximum value of  a  and   length of the bottom of the crack. 
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Figure 11.3-1: discontinuity of the Iso-surface of the level-set normal and maximum ray Rmax

field of calculation of CALC_G to use.
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If it restricts the angle of propagation to values strictly lower than  π /2  (under penalty of an increasingly important
refinement as one approaches π /2 ), Cette condition is not very restrictive because it is advised to respect a similar
relation even in the case of put up to date of level-sets by the method simplex or upwind. 

11.4 Localization of the field

As shown in (feeding-bottle18), localization of the field described in the paragraph §10 is not necessary any more if
one uses the direct calculation of level-sets. 

First of all, the localization of the field would not improve the robustness of the algorithm. In (feeding-bottle14) , it is
shown  that  weak  errors  in  the  calculation  of  the  angle  of  propagation  (what  is  always  the  case  during  digital
simulations) are amplified at the points located far from the face of crack (because of linear interpolation used to create
the field speed  V N  ). Iso-surfaces of the level-set normal are not then regular any more and this can involve the
failure of the phases of rebootstrapping of the level-sets. The localization of the field thus makes it possible to reduce
the field of updated of the level-sets to a field including the face of crack what leads to a limitation of the effect of
amplification. However the geometrical method successfully manages nonregular Iso-surfaces since it  is based on
explicit  polynomial  equations and not  on differential  equations.  Moreover, the geometrical  method does not  use a
process  of  rebootstrapping  and  reorthogonalisation  of  the  level-sets  (which  are  calculated  with  each  step  of
propagation). For all  these reasons, the localization of the field does not affect the robustness of the geometrical
method. 

The localization of the field within the framework of the use of the geometrical method would not either inevitably
reduce the computing time necessary to the update of the level-sets. It proves that the calculation of the level-sets in
each point of the field is fast and that the time necessary for this calculation can be weaker than the time necessary to
select the points of the field localised. The algorithm used for the selection of the points belonging to the restricted field
is based on the calculation of the distance between a point M  field and its project P  on the face of crack. Like the
point P  must be also calculated for the calculation of the level-sets, the additional cost of calculation for the algorithm

of selection is reduced to the cost calculation of the distance ∣∣PM∣∣  and the complexity of the algorithm is of O(n)  .
Even if the complexity of the algorithm of update of the level-sets by the geometrical method is of On  , it appears
clear that the sum of the calculations carried out by the algorithm of selection will be less than that carried out by the
algorithm of update of the level-sets. This resulted in thinking at first sight that the localization of the field would be
advantageous in term of time computing compared to the calculation of the level-sets in all the field. However, selection
(based at the distance ∣∣PM∣∣  ) points inside the restricted field is not sufficient. Indeed, for the calculation of the local
base in each point, it  is a question of determining the gradient of the level-sets what requires the selection of the
elements containing the selected points (functions of form of the elements being used to calculate the gradients). Even
if the algorithm of selection necessarily does not change, the number of operations carried out increases and this can
make the computing time of the selection higher than the calculation of the level-sets by the geometrical method in all
the field. It should be noted that, in same time, the computing time of the gradients of the level-sets is also higher if the
localization of the field is not taken into account. 

Finally, the advantage of  the localization of the field in term of computing time strongly depends on the selected
algorithms and implementations and amongst points on the field on calculation. The localization of the field could thus
be advantageous in the case of grids finite elements “very large”. In this case, the limitation of the update  of the level-
sets to a group of nodes (fixed and defined by the user) defining the potential surface of propagation of the crack can
be a more effective means to reduce the computing time rather than the choice of an algorithm of localization of the
field  for  which  a  new  restricted  field  must  be  calculated  with each  step  of  propagation  in  order  to  follow  the
displacement of the face of crack. 
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12 Method grid for the update of the level-sets

The most intuitive method to update the values of the level-sets at each step of propagation of the crack consists in
using their property of signed distance. This implies an explicit representation of the crack (lips of the crack and bottom
of crack) propagated in order to calculate the distances from the nodes to the crack. This method thus uses two grids
distinct (crack and structure) and only the grid from the crack is modified during the propagation. The update of the grid
of the crack to each step of propagation consists concretely of the creation of a new line of surface meshs to represent
the projection of the crack and of a new line of linear meshs to represent the new bottom. Once this updated grid, one
recomputes new the level-sets by direct calculation of the distance to the crack (orthogonal projection on the grid of the
crack).

12.1 Presentation of the method

The grid of the crack is carried out in Code_Aster by the order PROPA_FISS. The input datum is the value of the vector
propagation on the face of crack, givenE starting from the factors of intensity of the constraints and law of Paris. The
principle of the method grid is to calculate the nodes of the new bottom starting from propagation velocities and of the
nodes of the current bottom. It is summarized with three following stages: 

• Calcul by linear interpolation of the vector propagation with each node face of crack discretized. The vector
propagation is orthogonal with the face of crack: direction of propagation in one node corresponds to the
average of the normal vectors of the two linear elements sharing this node. This stage gives the position of
each propagated point.

• Withjout of one node in each one of these points, creation of a new surface (addition of linear elements for
the new face of crack and elements quadrangles for new surface) and process of grid of this surface
created.

• Traitement specific of nodes edge which, according to the cases, can “leave” the structure. They are then
moved on the borders of the structure.

For modelings 2D, the method is even simpler. Only a linear element must be added to each step of propagation and
no correction of the points of the edge is necessary.

12.2 Algorithm

The algorithm set up for the propagation by the method grid is the following (as described in (feeding-bottle20) and on
the figure 12.2-1 ). With the iteration i  : 

• Recuperation of the grid of the crack,
• Recuperation of the points ends of the face of crack,
• Correction of the grid of the crack:

• ON modifies the coordinates of both nodes ends of the face of crack so that they correspond to the points end
of the face of crack

• ON modifies the coordinates of all the others nodes bottom so that they are équi-distribute between the two
ends (number of nodes of the bottom NbNf ).

• Boucle on nodes bottom: 1kNbNf  

◦ Calcul of Gk   by linear interpolation,

◦ Calcul of the angle of junction   from K I k   and K II k  ,

◦ Calcul of the vector of propagation by linear interpolation:

◦ Δ a(k ) = C (ΔG (k) )
m /2   if C  and m  are informed,

◦  a k  = DAMAX G k /max k G k  
m /2

 if DAMAX  and m  are informed,

◦ Calcul of the position of propagated node N k ,
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◦ Withjout again node.

• end of loop

• Boucle enters 1  and NbNf −1  

◦  addition of a new mesh SEG2 between each one of nodes bottom and the following node,

◦  addition of a mesh QUA4 between two nodes successive of the bottom to the iteration  i−1  and their
propagated,

◦  in 2D: addition of a mesh  POI for the bottom and  SEG2 between the preceding bottom and the new
bottom.

• Fin loop,

• Creation of the meshs FOND  (new bottom) and LEVRE  (preceding lip + new surface meshs),

• Reactualisation of the grid.
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          A.                                        B.                                       C.                                       D.      

Figure 12.2-1: A. grid as starter of the routine, B. stage of correction of the points of the edge, C.
stage of equal distribution of all the others nodes face, D. propagation of the discretized face

and creation of the new meshs (SEG2 and QUA4). 
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13 Separation and fusion of the faces of crack

Various methods were presented to follow the propagation of a crack with X-FEM (IE to update the values of the level-
sets at each step of propagation):

• Lmethod grid has (or by projection), to see paragraph §12 , 

• Lhas geometrical method, to see paragraph§ 11 . 

• The methods upwind and simplex based on algorithms of fast marching

It is a question of explaining the modifications to be made here to these various methods to give an account of the
behavior of a face of crack when he meets an obstacle (a hole for example). How to manage the separation of this face
of crack into two, even in several other pieces? In the same way what is it fusion of two independent faces of crack in
only one? In fact the level-sets determine the bottom of crack and thus the presence or not of several funds of crack.
But it is a question in certain cases of proceeding to improvements of the preceding methods so that they adapt to the
separation face of crack (modification of the creation of the grid of the crack for the method grid, continuity of the level-
sets in the hole for the method upwind with use of an auxiliary grid).

According to the methods used for management of the update of the level-sets, the strategy installation to give an
account of the separation or the fusion of faces of crack differs.

13.1 Method grid

For the method grid, a first option is to extend what is made in the paragraph 12.2 with the framework of several funds
of crack. The level-sets give information about the number and the position of the ends of  funds of crack (intersection
enters the grid of the structure and the Iso-zero of the two level-sets). While preserving the nodes which constitute the
already existing ends at the moment i−1 , the nodes constituting the new ends are selected (figure 13.1-1 A.). 

 

As in the paragraph 12.2 a procedure of repositioning of the nodes of the various funds (figure 13.1-1 B.) is carried out.
It any more but does not remain to calculate the propagated nodes and to form the meshs (figure 13.1-1 C.).

Although this method functions correctly, it presents a disadvantage: the loss of nodes to the separation of two funds.
The meshs can, moreover, to become deformed in an important way at the time of the phase of repositioning of the
nodes external with the structure. This can in particular lead to a bad discretization of the crack in propagation out-plan.

To mitigate these difficulties, the idea was to increase the number of nodes on each bottom of crack. Remain the
question of the creation of these nodes and grid. By noticing that the meshs representing the crack are only used to
carry out projections, it is possible of  to create a line of meshs for the projection of cracks nonin conformity with
preceding line of meshs (figure 13.1-2). In this manner, one can increase the number of nodes between two steps of
propagation without modifying the discretization induced by propagation velocities.
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Figure 13.1-1: A. nodes determining the ends of the funds of crack (in blue: nodes selected for the
already existing ends, in red: nodes selected for the new ends), B. repositioning of the nodes

selected on the various funds, C. calculation of the propagated nodes and formation of the new
meshs.
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The algorithm is thus summarized as follows: research of the nodes closest to the ends of the bottom, repositioning on
the edge, creation of new nodes on the current bottom positioned in an equidistant way from/to each other, calculation
of the nodes of the new bottom. As there is the same number of nodes between the two funds, of the quadrangles
respecting surfaces of the bottom are created.

The full number N  nodes on all the funds of crack must remain constant between two steps of propagation. For that,

they are distributed N i  nodes by bottom proportionally with the relationship between the curvilinear length s i  bottom
i  and the total curvilinear length of n  funds: 

N i=E(
s i

∑
j=1

n

s j

N )
 

(66)

O ù E (x )  represent the whole part of x  . As there can be cases for which the sum of N i  is lower than N  , one
distributes the remaining nodes to the funds having the greatest decimal part. 

Note:

The method grid can be problematic when the crack is concave. This case can be in particular met during the meeting
of two funds of crack (figure 13.1-3 A.) and is absolutely to avoid bus of the significant problems are created by the
calculation of the level-sets (false values, appearance of false funds of crack).

 

The creation of problematic meshs (concave for example) can prove to be a source of difficulties (see figure 13.1-3 B.).
It can appear when the propagation velocity for the nodes of the edge is imposed tangent on surface. That can also
create errors in the calculation of the level-set tangent and imply the creation of forgery funds of crack. To avoid the
concavity of a mesh in the case of an advance maximum Damax  crack too much important, one decreases the value

of this last for following calculation. That is to say the quadrangle represented in the plan ABC   figure 13.1-4 (if the
quadrangle  is  not  plan then the point  D  represent  the projection of  the node propagated from  C  on the plan
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Figure 13.1-2: grid nonin conformity (in red; nodes created for the new line of meshs).

A.                                                                               B. 

Figure 13.1-3: problematic cases: will a.front of concave crack during the meeting
of two funds of cracks, B. creation of pathological meshs. 



Code_Aster Version
default

Titre : Algorithmes de propagation de fissures avec X-FEM Date : 21/07/2017 Page : 148/156
Responsable : GÉNIAUT Samuel Clé : R7.02.13 Révision  :

9d16ecc526ab

ABC  ). The coordinates of the point are calculated M  of intersection enters AB  and CD  and one compares

the distances enters  AM  and  AB ,  CM  and  CD . One poses  E1 =
AB
∣∣AB∣∣

, E2 =
AC−AC .E1E1

∣∣AC−AC .E1E1∣∣  an
orthonormal base, and AD d1,d 2 , AC c1,c2  and AM x ,0  in the reference mark A ,E1 ,E1 . By definition

of M , det CM ,CD=∣x−c1 d 1−c1

−c2 d 2−c2
∣=0 .

One from of deduced x =
d 2c1−d1 c2

d 2−c2

=
AD .E2AC .E1−AD .E1AC .E2

CD .E2

.

The coefficient is introduced Crit =min AMAB ,
CM
CD   and rectified maximum advance Damax '  check:

si Crit < 1.2 alors Damax ' =
Damax .Crit

1.2
 

The coefficient 1,2  is a safety coefficient in order to ensure a nonworthless propagation ( Crit=1  leading to a point
M  confused with (S) not (S) B  and/or D ). 

Although with such a strategy, maximum advance is likely to tend towards 0, it however makes it possible to solve part
of the problematic cases. 

13.2 Method upwind: introduction of a virtual bottom
 

As noticed in the paragraph 9.2.1.4 , the use of the method upwind is very generally accompanied by the use of an
auxiliary grid (of which the grid is regular) on which is carried out the update of the level-sets which are projected
thereafter on the physical grid of the part (generally much less regular). However part of the grid can be located outside
the grid of the part, such as for example in the case of a structure containing a hole. 

The nodes of the grid located outside the grid of the part are then projected on the same point of the face of crack
during the calculation of the propagation velocity of the level-sets. All these nodes are thus seen allotting same speeds
and angles of propagation as well as the same local bases (as described to the paragraph 7.3 ). It results from it the
appearance of a discontinuity of the level-sets on the grid on the level of the free edge of the part (see figure 13.2-1 ). 
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Figure 13.1-4: representation of a mesh for which one checks that advance is not
too large.
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This discontinuity, although located out of physical grid, implies a bad definition of the gradient of the level-sets on the
free edge and thus a bad definition of the local base at the time of the step of propagation according to. It can also
influence the definition of the level-sets inside the grid, in particular during the propagation of cracks in parts having an
irregular section and/or holes. To avoid these problems and to define in a coherent way the level-sets on the grid in the
vicinity of the physical grid, an interpolation of the face of crack outside the grid by a tangent line with the face of crack
is proposed. For that, the last segment of the face of crack is prolonged by a segment of right-hand side at the end of
which is introduced a new node of the face of crack, qualified the virtual one. This point is then regarded as a point of
the face of crack. The same local base as that of the last point of the physical face of crack is allotted to him. The
speed  and  the  angle  of  propagation  are  calculated  by  linear  interpolation  starting  from  speeds  and  angles  of
propagation of the last two points (figure 13.2-2 ). 

Figure 13.2-2 : representation of the linear approximation speed
at the virtual point V v  (in red) starting from speeds of the last

two points of the face of crack V i  and V j  (in blue).   

To create the points of the virtual bottom, one proceeds in the following way (figure 13.2-3):

• one poses P i  and P j  two points located at the end of make of crack and d  the distance from the virtual

point P v   at the last point of the bottom of crack P j  , 

• one determines the line prolonging the last segment of the face of crack at the virtual point:   P jv = d.b j

where P jv  is the vector connecting P j  with Pv  and b j  is the tangent unit vector with the face of crack at

the point P j ,
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Figure 13.2-1 : example of discontinuity of the level-sets on the grid on
the level of the free edge.
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• one calculates the derivative space the speed and angle of propagation on the last segment of the
virtual bottom: 

dV
ds

=
V j−V i

∣∣P ij∣∣
,

d 

ds
=

 j−i

∣∣P ij∣∣
 (67)

• one from of deduced the speed and the angle of propagation at the virtual bottom: 

V v = V jd.
dV
ds

, v =  jd.
d 
ds

 (68)

One places the virtual point at a distance d  physical face equalizes with the ray of the torus used for the propagation
of the level-sets (see paragraph 10). One chooses this distance in order to obtain level-sets smoothed on the whole of
the zone of propagation. If the localization is not used, the virtual point is placed at a distance from seven time the
maximum advance of the crack. For speeds and angles of propagation (definite on the virtual points) too important or
too weak, one brings the virtual point closer to the physical face so as to satisfy the imposed conditions. It is noted for
example  whom  one  has  an  important  discontinuity  of  the  level-sets  if  the  angle  of  propagation  is  higher
(respectivement lower) than 90 degrees (respectivement -90 degrees). It is also noted that if the distance from the
virtual point to the physical face of crack is lower than the ray of localization, one can preserve a discontinuity of the
gradients. Nevertheless, this discontinuity is located far from the grid of the part. It thus does not influence the definition
of the local base the free edge.

The method of the virtual bottom can then be immediately wide with the case of holes. If the part presents a hole, it is
indeed also advisable to define the level-sets inside this one well.  One proceeds then as described previously by
defining a virtual face of crack inside the hole by the creation of two virtual points P1  and P2  , for each bottom of
crack delimited by the hole (figure 13.2-4 ). Two of the three segments of the virtual face are extensions of the two
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Figure 13.2-4: creation of a virtual face (in red) inside a circular hole. P1  is

created by prolongation of [Pi P j ]  and P2  by prolongation of [Pl Pk ] . The

last segment of the virtual bottom connects P1  and P2  and connects the faces
of crack.
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Figure 13.2-3 : creation and site of the virtual face of crack.
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faces of physical cracks. The third segment connects as for him the two virtual points in order to connect the faces of
crack. It is not used to interpolate the level-sets but to ensure their continuity in the hole. The two virtual points having
different propagation velocities, two nodes close located at the center to the hole can be projected on two different
nodes of the bottom of crack and to have different speeds. 

Angles  and  propagation  velocities  as  well  as  the  local  base  on  the  segment  [P1 P2]  are  calculated  by  linear
interpolation (as described in the paragraph 7.4 ) starting from the values allotted to the two virtual points. 

In the case of the creation of a virtual bottom in a hole, one must make sure that there is no crossing of the funds of
crack. The distance from a virtual point at the bottom of crack should not exceed one the third of the distance between
the two funds. That is to say: 

d ≤
∣∣P k−P j∣∣

3
 (69)

Moreover, the propagation velocity  at  the virtual  point  V v  does not  have to be too small  or  too important.  One
imposes that it is at least equal to two thirds the Vj speed of the last bottom of crack and that it should not exceed four
thirds of this value. Thus, one imposes that: 

2V j

3
≤ V v ≤

4V j

3
 (70)

In the same way: 

If V v <
2V j

3
 then one imposes V v =

2V j

3 (71)

And: 

If V v >
4V j

3
, then one imposes V v =

4V j

3
 (72)

One in deduced the expression from the distance d  in these two cases: 

d =∣
V j

3
dV
ds

∣  (73)

Nevertheless, the creation of a virtual bottom is not sufficient. The values of the level-sets defined inside the hole,
resulting from projection on the segment medium of the virtual bottom, can in certain cases influence the definition of
the level-sets in the grid. Moreover, the approximation speed is more precise if the level-sets are initially right and if the
intersection of the two Iso-zero is confused with the virtual face. With an aim of guaranteeing the recovery of the level-
sets in the hole during fusion of the faces of crack after the passage of this one, one recomputes the level-sets for the
nodes projected on a virtual segment of the face of crack, and this before the propagation of the level-sets. One
calculates the level-sets in a geometrical way (see paragraph 11 ) by projecting the node on the face  of crack (figure
13.2-5 ). One poses XM  a node of the grid. His project then is defined XN  on the bottom of crack, the vectors tp
and np  defining the local base in face of crack in XN  . One obtains the level-sets normal and tangent with the nodes

XM  simply by: lsn XM  =XM XN .np  and lst XM  =XM XN .tp .
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 This calculation of the level-sets makes it possible to correct the influence of the nonphysical definition of the level-
sets in the center of the hole during the fusion of the two funds of crack. Once the virtual bottom created and the level-
sets corrected, the calculation of propagation velocities by projection on the face of crack is carried out as described in
the paragraph 7.3 , without  to make distinction enters the physical face and the virtual bottom. 

Notice :

• The introduction of a virtual bottom requires a strategy of checking of the classification of the faces of crack as
of their direction of course what was hitherto not necessary: the connection of the faces of crack by a virtual
bottom does not make them independent from/to each other. The following method was adopted to check if
them nodes various faces of crack are well numbered ( figure 13.2-6 ): 

◦ one builds a new face of crack on the auxiliary grid which by definition of the grid is made up only of one

piece with a single direction of course. One projects then the ends E1
i  and E2

i  of each piece i  face of
real crack on the continuous face of crack associated with the grid. These ends are located on the face of

crack of the grid by their respective curvilinear X-coordinate. By way of an example, at the ends E1
i  and

E2
i  correspond  the  curvilinear  X-coordinates  sP1

i  and  sP2
i  (where  P1

i  and  P2
i  are  respectively

projected  E1
i
 and E2

i
  on the face of crack associated with the auxiliary grid); 

◦ the sequence of the curvilinear X-coordinates thus obtained allows a renumerotation of the pieces of the
faces of the real crack;

◦ the scalar  product  is  evaluated  (E 2
i E1

i ).(P2
i P1

i )  to check that  each piece is traversed in the same

direction as the face of crack on the grid. In the contrary case, one reorientates to it (S) piece (X) badly
directed (S). 
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Figure 13.2-5: Calculation of the level-sets with nodes projected on the
bottom of crack. 
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13.3 Geometrical method and simplex

The geometrical method and the method simplex not requiring any auxiliary grid, the management of the separation
and the fusion of faces of crack is automatic and does not ask any particular modification.
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Figure 13.2-6: A. example of bad classification and orientation of the face of real crack
(black) and face of crack on the grid (blue), B. renumerotation of the pieces of the face of

real crack, C. reorientation of the pieces of the face of real crack 
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